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PREFACE

In this book an attempt has been made to study the
Vedic rites of the Agni:cayanrz {or ‘* the construction of the
Firc-altar *’) from a point of view, purely sccular, quite
different from that of unravelling their deep mysticism and
highly speculative philosophy. The whole purpose has been
to get as much insight as possible into the knowledge and
achievements of the Hindus in the science of mathematics,
more particularly in its branch of geometry. The Agni-
cayana reveals an important aspect of the Hindu genius
of which the student of the Vedic culture is apt to lose
sight. Most scholars, when they think of the genius of
the Vedic Hindu, are naturally more attracted by his noble
rcligion, sublime philosophy, cnormous extent and most
varicd character of his rich literature, and charming devo-
tional poctry. But the Vedic Hindu, in his great quest of
the  Parda-vidya  (*“ Supreme  knowledge ''),  Salyasye
Satyam (** Truth of truths,”” ** Absolute Truth '), made
progress in the Apard-vidya (** inferior knowledge,”” *“ rela-
tive truths’), including the various arts and sciences, to
a considerable extent, and with a completeness which is
unparalleled in antiquity. Of these the special concern of
this volumc is with the Vedic seienee of geometry, techni-
cally called by the name Sulba.

The writer ix fully conscious of his limitations to per-
form in the proper way the arduous task that he has
undertaken.  Truly he feels, to speak after the immortal
poct Kilidasa,

& yafawafEar & seafvar @fq)
fadtiastfy gaewfa gm0
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‘“ How great is the scicnee which revealed itself in the
Sulba, and how mcagre is my intclleet! I have aspired
to cross the unconquerable ocean in a mere raft.”” More-
over, the work had had to be done hurriedly within a short
time at his disposal just on the eve of his retircment from
active life in the University, in 1930, amidst other
preparatory arrangements consequent thercto. So it could
not be madce as comprchensive and thorough as it should
have been. It is nevertheless the author’s confident hope
that this imperfect sketeh will ereate a lively interest in
the carly Hindu geomecetry amongst the historians of
mathematical sciences.

It is a pleasure to express indebtedness to my teacher,
Professor Gancsh Prasad, for his interest and cncourage-
ment for the work. In deference to his wish, I dcliver-
cd, by speecial invitation of the authoritics, a course of
six lectures on the science of the Sulba, in the University
of Calcutta, during December, 1931. 1 tender grateful
thanks to Mr. Atul Chandra Ghatak, Supcrintendent, and
the staff of the Caleutta University Press for kindly cxpe-
diting the book through the Press in order to help mec to
go back to my rctirement earlier.  Above all, I remember
with plcasure the naine of my younger brother, Dr. Binode
Behari Datta, M.A., Ph.D,, for his help and :ussociation
in ¢very way in this book.

BinnuTiBHUSAN DATTA

Calcutta, 28th July, 1932,
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CHAPTER 1

SuLBas

The Sulbas, or as they are more commonly known at
present amongst oriental scholars, the Sulba-siitras, are
manuals for the construction of altars which are necessary
in connexion with the sacrifices of the Vedic Hindus.
They are sections of the Kalpa-sitras, more particularly!
of the Srauta-sitras, which form one of the six Vedangas
(or *“ The Members of the Veda ') and deal specially with
rituals or ceremonials. Each Srauta-sitra seems to have
its own Sulba section. 8o there were, very likely, several
such works in ancient times.2 At present we know, how-
ever, of only seven Sulba-siitras, those belonging to the
Srauta-sutra of Baudhiayana, Apastamba, Katyayana,

1 The Kalpa-stitras are broadly divided into two classes, the Grhya-
siitras (or ‘‘ The rules for ceremonies relating to family or domestic
affairs’’ such as marriage, birth, etc.) and the Srauta-stras (* The rules
for ceremonies ordained by the Veda' such as the preservation of sacred
fires, performance of the sacrifices, ete.). The Sulba-siitras belong to
this latter class.

2 We have it on the suthority of Patafijali (150 B.C.), the Great Com-
mentator of Panpini's Grammar, that there were as many as 1,131 or
1,187 different schools of the Veda.

“ fenfia o w =, CnrEREET: |
YeETE! grAae:, A VYR 37 qEeRAy ary

Or ‘‘ There were 21 different schools of the Rg-veda; 101 schools of
the Yajur-veda ; 1,000 of the Sama-veda ; and 9 or 16 of the Atharva-
veda.” Hach school of the Veda had its own Srouta.sitra and hence
protably its own Sulba. Thus it seems that there were numerous
manuals of geometry in ancient India. But most of them are now lost. |



2 BATUDHAYANA SULBA

Manava, Maitrayana, Varaha and Vadhula.! These
manuals are also found separately. )

As related to the different Vedas, the Sulba-siitras
of Baudhayana, Apastamba, Manava, Maitrayana and
Varaha belong to the Krgna Yajur-veda ; and the Katya-
yana Sulba-gitra to the Sukla Yajur-veda.

It was perhaps primarily in connexion with the con-
struction of the sacrificial altars of proper size and shape
that the problems of geometry and also of arithmetic and
algebra presented themselves, and were studied in ancient
India, just as the study of astronomy is known to have
begun and developed out of the necessity for fixing the
proper time for the sacrifice.?2 At any rate, from the
Sulba-siitras, we get a glimpse of the knowledge of geo-
metry that the Vedic Hindus had.® Incidentally they
furnish us with a few other subjects of much mathemati-
cal interest.

Of all the extant Sulbas, that of the Baudhayana is the
biggest and is also, perhaps, the oldest. It is divided into
three chapters. The first chapter contains 116 sitras
(*“ aphorisms >’) of which the opening two are merely
introductory ; sitras 3-21 define the various measures
ordinarily employed in the Sulbas ; siatras 22-62 give
the more important of the geomsetrical propositions
necessary for the construction of the sacrificial altars ;
and sitras 63-116 deal briefly with the relative positions

! In the commentary of Karavindssvimi on the Apastamba Sulba
(xi. 11), we find reference to two other works, viz., Mafaka Sulba and
Hiranyakeéi Sulba, which are not available now. There is also a quota-
tion from the latter work (.ﬁpSl, vi. 10).

2 Bibhutibhushan Datta,  The Scope and Development of the Hindu
Ganite,” Ind. Hist. Quart., Vol. 5 (1929), pp. 479-512.

3 There are reasons to believe that side by side with the practical geo-
mebry of the Sulbas, the Vedic sacrificial priests had also an esoteric geo-
mekry as their seeret property,
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and spatial magnitudes of the various vedis (or * altars *’).
The secand chapter consists of 86 suitras of which the
major portion, sittras 1-61, is devoted to the description of
the spatial relations in the different constructions of the
Agnis (or ‘‘the large Fire-altars made of bricks’’) in gene-
ral, and the remaining portion, sitras 62-86, elaborates the
construction of the two simplest Agnis, viz., the Garhapa-
tya-citi (or ** The House-holder’s Fire-altar *’)and Chandaé-
citi! (or ‘* The Agni made, as it were, of mantras instead
of bricks’’). The third chapter, in altogether 328 siitras,
describes the construction of as many as seventeen different
kinds of Kamya Agnis (or *‘ the altars for the sacrifices
performed with a view to attain definite objects *’) of
rather complex nature. In case of some, the descrip-
tion is quite elaborate and minute in details, but in other
cases it is less so.

The Sulba-siire of Apastamba is broadly divided into
six patalas (or ‘* sections *’). Of these the first, third and
the fifth are each subdivided again into three adhyayas
(or ** chapters ') and each of the remaining sections into
four chapters. 8o that altogether the work contains
twenty-one chapters and 223 siitras. The first section of
the manual, chapters i-iii, gives the important geometrical:
propositions required for the construction of altars.
The second section or the chapters iv-vii, describe the re-
lative positions of the various vedis and their spatial mag-
nitudes. Unlike Baudhayana, Apastamba here indicates

! In case of the Chandascitt, the agnicit (** the Fire-altar-builder ')
draws on the ground the Agni of the prescribed shape, ordinarily of
the primitive shapé of the falcon. He then goes through the whole
prescribed process of construction 1magining all the while as if he is
placing every brick in its proper place with the appropriate mantras.
The mantras are, indeed, muttered but the bricks sre not actually laid.
Henee the name Chandaiéosts, that is, the eiti or altar made up of
chandas or Vedic mantras instead of bricks or loose mud pieces. :
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briefly also the methods of their construction. They
are of course the particular applications of the general
geometrical theorems taught in the earlier section. The
remaining sections of the Apastamba Sulba-sitra, com-
prising the chapters viii-xxi deal with the construction of
the Kamya Agnis. It is noteworthy that almost the
same set of geometrical propositions are taught by both
Baudhayana and Apastamba. But the latter has treated
of a smaller number of varieties of the Kamyas than
the former. For instance, Apastamba teaches only one
kind of ratha-cakra-citi (or ‘‘ the wheel-shaped altar ’’)
whereas Baudhayana gives two.

The Sulba-satra of Katyayana, also known as Katya-
yana Sulba-paridista or Katiya Sulba-paridiste, is divided
into two parts. The first part is composed in the style of
the sitras or aphorisms, as those noted above, while the
second part is composed in verses. The earlier part is
again subdivided into seven ¥%apdikas (or ‘‘ short sec-
tions ’’) containing altogether 90 satras. It teaches the
geometrical propositions, the different measures employed
in the work, and the relative positions and spatial relations
for the different constructions of the Agnis. This manual
does not treat of the construction of the Kamya Agnis.
It is because that subject has been treated in a
different chapter of the Katyayana Srauta-siatra.l The
second part comprises nearly about 40 or 48 verses.? It
gives mainly a description of the measuring tape (rajju),

1 KSr, Chap. xvii.

2 There is a bit of uncertainty about the total number of verses in the
Paridista of the Katyayana Sulbe. The manuscript of it thatis
preserved in the Library of the India Office, London (No. E 3868), has
48 verses, whereas the manusoript in possession of the Bhandarkar
Institute, Poona (No. 74 of A 1881-82), shows only 40 verses. The latter
MS. also includes the commentary of Mahidhara on that manual and he
counts 43 verses.
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the gnomon, the attributes of an expert altar-builder and
also a few general rules for his conduct. Some of the
processes of construction described in the earlier part
together with a few other new matters, though of
comparatively minor importance, also appear there. I think
the title Katyayana Sulba-paridista or (‘*‘ The Appendix
to the Sulba of Katyiyana '’) was originally designed for
this part and should be kept reserved to it, even now.
For it is really a sort of an appendix to the earlier
part, the Katyayana Sulba proper. The commentator
Rama is also of the same opinion as we are. And
the same differentiation is found to have been scrupu-
lously maintained by Yajiika Deva, the commentator of
the Katyayana Srauta-sifra. XKatyayana observes that
the second part, especially the recapitulations in it, was
meant to help those whose intellects are too poor to be
able to fully grasp the inner meanings of the compositions
in the siitra style. Compared with the works of Baudha-
yana and Apastamba, the Sulba of Katyayana presents
some interesting features as it exhibits the whole body of
geometrical knowledge required for the Vedic altar-builder
in a more systematic form.

The Sulba-sitre of Manu is a small treatise composed
in both prose and verse. It is divided intoc seven Kkhandas
(or “ parts,”” “‘‘scctions *’). In the first section is given &
description of the measuring tape, the gnomon, measures,
four mcthods of determining the cardinal directions and
also & method of constructing a square on a given straight
line. It may be noted that we do not find in the
Apastamba and Baudhayana Sulba-sitras any method of
determining the cardinal directions, though it is essentially
necessary for the proper construction of the sacrificial
altars to have an accurate knowledge about them. They
proceed on the assumption that the cardinal directions are
already known. Katyayana teaches three methods for the
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same, while Manu teaches as many as four. ' The sections
ii-vi treat of the relative positions, spatial magnitudes and.
also the methods of the construction of the* the different
vedis. Here we find mention of certain wvedis, e.g.,
the Pakayajicki, Madaruti and Varuni vedis which are
not included in the abovementioned manuals. The
last section of the Mdanava Sulba-sutra furnishes us with
some hints about the sacrificial fees. It also describes
the method of the conmstruction of the Suparpa-citi.
This citi is not found in other Sulba-sitras. But for the
head, its spatial magnitudes are the same as those of the
most primitive citi, the Suptavidha-siratni-pradeéa-,
caturasra-§yena-cit, described by Baudhayana and
others.

The Maitrayaniye Sulba-sitra is a different recension
of the Manava Sulba-sitra. They cover almost the same
ground and, more than that, many passages of them are
identical. But still they should not be mistaken as
one and the same work. The arrangement of matter in
them is not parallel. And there are also other marks of
distinction between them. The Maitrayaniya Sulba-sutra
is comprised of four khandas (or *‘ sections *’).

The Varaha Sulba-sitra is very closely related to the
above two works. There are found several repetitions
between these works. This will not seem strange if we
remember that they belong to the same school of the Krgna
Yajur-veda. Similarly we find in these Sulba-sitras
repetition of a few verses of the Katyayana Sulba-
paridigta. The Vardhe Sulba-sitra is broadly divided
into three parts and each part is again subdivided into
several sections.

As regards their importance, the available Sulba-
siitras can sharply be divided into two classes. The first.
class will include the manuals of Baudhiyana, Apastamba
snd Katyayana. They give us an insight into the early
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state of Hindu geometry before the rise and advent of the
Jaina Sect (500-8300 B.C.).* The Sulba-siiras of Manava,
Viariha, Maitrayana and Vadhula add practically very
little to our stock of information in this respect. So they
may be considered to be of minor importance from our
point of view. '

In the title Sulba-sitra, the word sitra means an
< aphorism,”’ ‘‘ a short rule.”” ‘It simply describes the
style of the composition of the works and has practically
no reference to their subject-matter. The science itself
is really called the Sulba. And that is, in fact, the original
title of the manuals. It is by this title that the Sulba-
sitra of Apastamba has been mentioned in his Srauta-
gutra.2 The commentators are oftentimes found to speak
of the Sulba of Baudhayana, the Sulba of Apastamba, etc.
This will be further confirmed by the commonly known title
of the second part of the work attributed to .Katydyana,
namely the Sulba-paridista (or *‘ The Appendix to the Sulba’’)
and also by the title Sulbi-kriyad (or ‘* The Practice of the
Sulba ') given to that appendix in itself. Thus it is
proved conclusively that the true name of the subject is
Sulba. As the Sulba deals with the science of geometry
and its application as known amongst the early Hindus,
“we conclude that the earliest Hindu name for geometry
was Sulba, Geometry was then sometimes also called
Rajju, as is evident from the opening sitra of the Sulba
of Kiatydyana, ‘* I shall speak of the * Collection of (rules
regarding) the Rajju.””” There are many other reliable
pieces of evidence leading strongly to the same conclusion.3

1 For an insight into Hindu geometry safter the advent of the
Jainas the reader is referred to the author’s article, * Geometry in the
Jaina Cosmography,” in Quellen und Studien zur - Geschichte der
Mathematik, Abteilung B, Bd. 1, 1930, pp. 245-254,

9 ApSr, xvii. 26. 2.

s Bibhutibhushan Datts, ** Origin and History of the Hindu Names
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In Sanskrit, the words $ulba and rajju have the identi-
cal significance, which is ordinarily ** a rope,”” *‘ & cord.”
The word $ulba or $ulva is derived from the root $ulb or
$ulv meaning ‘‘ to measure ’’ and hence its etymological
significance is ‘* measuring ** or ‘‘ act of measurement.”’
From that it came to denote ‘‘ & thing measured ’’ and
consequently ‘‘ a line (or surface)’’ as well as *‘ an instru-
ment of measurement ”’ or ** the unit of measure.” Thus
the terms $ulba or rajju have four meanings: (1) men-
suration—the act and process of measuring; (2) line (or
surface)—the result obtained by measuring; (3) a
measure—the instrument of measuring; and (4) geometry
—the art of measuring. In the ancient literature of the
Hindus we indeed find mention of three kinds of measure
—linear, superficial as well as voluminal—having the
same epithet rejju. In the Sulbas the measuring tape is
called rajju. And we further find there the use of the
word in the sense of ‘‘ aline ” also. For instance, we
have the term akspayd-rajju=** diagonal line.” Katya-
yana observes:! ‘‘ (The terms) karapi (* producer ’),
tat-karani 2 (* that-producer ’), tiryaimani (‘ transverse
measurer ’), parévamani (‘ side measurer ’), and aksnaya
(¢ diagonal °) rajjus arc (* lines *).”’

In the Manave Sulba® and Maitrayaniya Sulba,* the
science of geometry is called the Sulba-vijiana (or ‘‘ the
Science of the Sulba ”).> One who was well versed in that

for Geometry,” Quellen und Studien 2. Gesch.d. Math., Abteil. B, Bd.
1, 1930, pp. 113-9.

1 KSI, 3. 1.

2 That is, dvi-karani, tri-karani, ete.

3 MaS, iii. 2.

4 MaiSl, Ch. i.

5 This term and also the terms éulba-vid and $ulba-pariprcchaka
for an expert in the Sulba, will further support our conclusion as re-
gards the earliest Hindu name for geometry,
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science was called in ancient India as samkhydjfia (or
‘ the expert in Numbers "), parimanajiia (*‘ the expert
in measuring "), sama-sitra-nirafichaka (*‘ uniform-rope-
stretcher '), Sulba-vid (** the expert in the Sulba *’) and
Sulba-pariprechaka (** the inquirer into the Sulba’’).} Of
these, one term, viz., s8ama-sitra-nirafichaka, perhaps
deserves more particular notice. For we find an almost
identical term, harpedonaptae (‘* rope-stretcher '’), appear-
ing in the writings of the Greek Democritos (c. 440 B.C.).
It seems to be an instance of Hindu influence on Greek
geometry. For the idea in that Greek term is neither of
the Greeks nor of their acknowledged teachers in the
science of geometry, the Bgyptians, but it is characteris-
tically of Hindu origin.) In the Pali literature, we find the
terms rajjuka and rajju-grahaka (‘* rope-holder *’) for the
king’s land surveyor.2  The first of these terms appears
copiously, in its various case-endings, in the inscriptions
of the Emperor ASoka (250 B.C.). In the comparatively
later Silpa-édstras, the surveyor is spoken of as siitra-grahi
or siitra-dhara (** rope-holder ") and he is further described
as an expert in alignment (rekha-jia, lit. ‘‘ one who

knows the line ”’).

1 KSI, p. 2.
2 Jadtaka, edited by Fausboll, II, p. 867,



CHAPTER 11

COMMENTATORS

There are now available several commentaries on the
Sulbas. The more important manuals are found to have
been commented upon by more than one writer. Thus
we have two commentaries on the Sulbe of Baudhiyans.
One of them is by Dvarakanatha Yajvi and is named
Sulba-dipika (‘“ The Light of the Sulba ). The other,
called Sulba-mimamsa (‘‘ The investigation into the
Sulba ’*), is by Venkatesdvara Diksita. On the Apastamba
Sulba, there are as many as four well-known commen-
taries: (1) Sulba-vyakhya (‘‘The Explanation of the
Sulba ”’) by Kapardisvimi, (2) Sulba-pradipika (¢ The
Light of the Sulba ’’) by Karavindasvami, (8) Sulba-
pradipa (** The Light of the Sulba ’’) by Sundararija and
(4) Apastambiya Sulba-bhdsya (‘* The commentary on
the Sulba of Apastamba ’’) by Gopala, son of Girgya
Nrsithha Somasuta. Sundararija’s work is also called
Sundara-rajiya (‘* The work of Sundararaja ’') after the
name of the author, as is usual in Sanskrit. I have come
across two commentaries on the Katyayana Sulba,
namely, Sulba-sitra-vrtti (‘ The Explanation of the
Sulba-sitra ') of Rima or Ramacandra, son of Siryadisa
and Sulba-sitra-vivarana (** The Exposition of the Sulba-
sitra ’’) by Mahidhara.

The dates of most of the commentators of the Sulbas,
more particularly of the notable ones, have not as yet been
ascertained, even approximately. Nor is it easy to do so.
The periods to which some of them can be assigned from
the reference by them to anterior writers and from the
reference to them by writers posterior lie within such
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widely varying limits as to be of no tangible value. We
shall begin here with the notice of those commentators
whose times are known either definitely or very nearly so.

We find from the colophon that Mahidhara completed his
commentary on the Katyiyana Sulba in the Bamvat year
1646 (=1589 A. D.), at Benares. It is also stated there
that that commentary is based on the Sulba-sitra-vriti of
Rima. Mahidhara wrote as many as seventeen works on
various subjects. His Mantramahodadhi was completed in
1589 A.D. and Vigpubhakti-Kalpalatd-prakida in 1597.

The commentator Rama was an inhabitant of Naimisa
(near modern Lucknow). He seecms to have been the
aubhor of several works such as Karma-dipika, Kundakrtt
(with commentary), Sulba-varttika, Sankhyayana Grhya-
paddhati, Samara-sira and its commentary, Samara-sara-
sumgrahae and the commentaries on the Katyiyana Sulba
and Sarada-tilaka Tantra. The date of composition of the
Kundakrii is given as 1506 Vikrama Samvat (1449 A.D.).
In his commentary on the Katydyana Sulba, Rama has
quoted copiously from his Sulba-varttika (‘“The Critical
Annotation of the Sulba ’’) and also from his commentary
on the Sdrada-tilaka. There is also & quotation from the
Tridatika of Sridhara (c. 750 A.D.).! In this work we
notice some new contributions from him. To construct
a right-angled triangle having a given leg (a), Rama
suggests the employment of a new rational rectangle (a,
8a/15, 17a/15) in addition to those taught in the Sulbas.2
But the most notable contribution of him is a correction
to the well-known Sulba value of /2, viz.,

1 1 1 (1)

V2=l+—a+ o —3 15

1 KS!,1i. 80 (com.). The quoted passage is the Rule 47 of the
Trisatikd of Sridhara, but there is no mention of any name.
3 K8, i. 15 (com.).
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Rama shows that a more accurate (saksmatara) value
will be given by 1

1 1 1 1

5.4 " 354314 343433 543i81 @

1
2=1+__
v 3+

Turned into decimal fraction, the expression (1) gives
V2=1'4142156863...and (2) yields 4/ 2=1414213502......
According to modern calculation, 4/2=1'41421356... So
that Rama’s value for /2 is correct up to seven places of
decimals whereas the Sulba value is up to five places.

It should perhaps be noted that for certain inconsis-
tency with the Srauta-sitra of Katyayana, Ruma suspects
that the Sulba attributed to Katyiyana might be written by
adifferent person.? But the inconsistency is 50 minor that
we cannot subscribe to the opinion of Rama in this
matter. It can be reasonably explained in other ways.

Sivadasa, son of Nirada, a resident of the city of
Benares, wrote a commentary on the Manava Sulba. His
younger brother, Sankarabhatta is the commentator of
Maitrayaniya Sulba. Both the brothers quote from Rima
Bijapeya, who is mo other than the commentator of
the Katyayana Sulba. Sivadasa has quoted the second
Bhaskara’s (1150 A.D.) Rulc of Three, and also from
his Lildvati, by name. He must have been posterior to
the celebrated Sayana (1320-1380 A.D.) whom he quotes,

Sivadisa observes :

‘¢ The study of the Sulba should be begun after having
finished the study of the science of mathematics; other-
wise there cannot be a thorough knowledge of the Sulba.”

1 [bid, ii. 13 (com.). The rationale of this is stated to have been
given in the Sulba-vdrtiike whence this and the preceding matters have
been taken.

# Compsare KS8I, ii. 8 (com.).
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Of the known commentaries of the Apastamba Sulbe
the earliest one is, I have good reasons to believe, that of
Kapsardisvami. This writer is known to have commented
also on  Apastamba-Srauta-sitra,  Apastamba-sitra-
paribhaga, Dardapaurnamdsa-sitra, Bharadvdje Grhya-
gitra, ete. He is quoted by Sulapani, Hemadri, Nilakantha
and others. Now Salapani lived near about 1150 A.D.
He was the teacher of the famous Sadgurusisya (1143-
1193 A.D.), the author of the Vedarthadipika. Hemadri
was the minister of King Mahadeva (1260-71) of Devagiri
and of his nephew and successor Ramachandra (1271-
1309). 8o Kapardisvami lived before the twelfth century
of the Christian era. He hus generalised a method taught
in the Sulbas for finding the rational right-angled triangles
having a given leg. He says:

‘“ The added portion is divided into as many parts as
the number obtained by dividing the (given) leg with
the added portion by half the added portion ; (put) the
nirafichana mark by diminishing the added portion by one
part.”’

Let a be the given leg and suppose it to be increased by
adding a portion a/m, where m is any rational integer.
Dividing the increased length by half the increment, we get

( a+7%)—:——2—1%=2/m+1).
So that the added portion a/m shall have to be divided
into 2(m + 1) parts. Then the nirasichana mark is to be
made at a distance

¢ a a a (2m +1)a

—_——— = 2m+ ) == — = S,

m m (m+1) m 2m(m+1) 2m(m+1)
So that

a2+(_22m+1 )2(19 =(2m9+2m+1 209

m®+2m. 2m3+2m :
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This method is equally available even when m is
a rational fraction; that is, when the given leg is increased
also by, a multiple of it, instead of by only a sub-multiple
of it. But this further generalisation seems to have escap-
ed the notice of Kapardisvami. At any rate, his statement
does not expressly show that he meant both the cases by
his generalisation. Karavindasvami is, however, very
explicit to leave no doubt in our mind in this respect.

 He says:!

‘ In case of all additions, as many, times the added
portion as the sum of the given side and the added portion
is, into twice so many parts the added portion is divided;
make the mark there (i.e., in the added portion, at a dis-
tance) less by one such part. For instance, in case of
adding to the given side its half, (consider) that half as
one part; the given side contains two such parts. So the
given side with its increment contains three parts like the
increment. Dividing the added portion into twice as many
parts, that mark will be (at a distance) less by one-sixth
the added portion. So in case of increasing the given
side by itself, the increment is one part ; the given side
has one part like it. So the given side with its increment
has two parts. On dividing the increment into twice as
many parts, it will be divided into four parts; then the
mark will be (at a distance) less by the fourth part.
Similarly in case of adding the third part, the added por-
tion is one part; the given side contains three such parts.
On dividing the added portion into twice as many parts,
the mark will be (at a distance) less by its one.eighth
part. In the same way in case of adding the fourth and
other parts, the sum of the givenside and its increment
should be divided into parts in the same way and the
mark should be made (at a distance) less by one such

1 Apsl, i. 3 (com,).
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part. Now, when the increment happens to be equal to
the given side, how is then the given side to be divid-
ed? How also the mark (should be made)? How also
in the case when the increment happens to be greater
(than the given side)? There also the method is exactly
the same, we say. DBut the given side with its increment
should then be reduced to common denominators; the
added portion should then be divided into twice the
number of parts (thus obtained) and the mark should be
made in it (at a distance) less by one such part. For
instance, in case of adding twice as much, the increment
is one part and (in terms of it) the given side is a half
part. Then on adding together the increment and the
given side after reduction to common denominators, there
will be three halves. On dividing the increment into
twice that number of parts, there will be six halves in the
denominator; so the mark will be (at a distance) less by one
of these parts. In case of adding three times, the incre-
ment is one part; the given side is the third part (of that);
there the increment contains three third parts. So the
given side and the increment together contain four third
parts. On dividing the increment into twice as many
parts there will be eight third parts in the denominator.
Then the mark will be (at a distance) less by one of these
parts. In the cases of adding four times, ete., the divisions
and the marks should be made in the same way.”’

Let a be the given side; let it be increased by its mth
part.

(a+-1 =% =m+1
m m

Th LA = _*
en m 2(m +1) 2m(m+1)

a _(2m242m+1
T omm D) "( omE+om )“
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a a —f 2m+1

m  Z2mm+1) \2mZ+9m

So it follows

2 2 \2
2m +1 a2=( 2m +2m+1) 2 )

| e
2m? +2m 2m2 +2m

Or let the given side a be increased n times it.

(a+na)+na=""F1

M+2( n+1 ) = nfe
n 2n+2

+ n2a =(n2+2n+2
2n+2 2n+2 )

2 2
na—_0 _(n +2n

42 \ 2n+2
So it follows
. 2 n2+2__1_1) _( n2+2n+2)
2 ) ¥ @)

The two results can be combined into one

2.,.( ’_2)"'_21 _( 2+2r4+2 )2a2
2r+2

where r is any rational number integral or fractional.

Karavindasvami, indeed, wrote a commentary on the
whole of the Srauta-sitra of Apastamba. He is known to
be the author of a few other works also. His time is still
very uncertain. He is found to have quoted, without
any mention of name, certain passages from the
Aryabhatiya (499 A.D.) of Aryabhata I (born 476).1 So he

v ApSl, iii. 5 (com.) ; the reference is to the Aryabhatiya, ii. 9.
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undoubtedly flourished after the fifth century of the
Christian era. Though we are not in a position to fix or
even suggest any closer upper limit to his time, this
limit seems to us to be too earlier. There is, however, one
passage in his commentary on the Apastamba Sulba which
might lead one to take him as belonging to a very early
age. He has referred to a certain treatise on mathe-
maties which gives an incorrect formula for the calculation
of the area of a segment of a circle :!

arc arrow
Area of a segment=-—§— x—7

This formula is not found in any known treatise on
Hindu mathematics and we further know that from the
time ofSridhara (c. 750), the Hindu mathematicians used
a more approximate formula for the calculation of the
area of the segment of a circle. Does it then follow
that Karavindasvimi lived in an age before the time of
the discovery of that formula, that is, before 750 A.D.?
It may be noted that the other formule in connexion with
the mensuration of the segment of a circle have been
stated as correctly as we find in the works of Brahma-
gupta (628) and other early Hindu mathematicians.

We are equally uncertain about the time of Sundara-
rija. This much we are sure that he lived before the
fourth quarter of the sixteenth century of the Christian
era. For it appears from the post-colophon that the copy
of the manuscript of his commentary on the Apastamba
Sulba now in the possession of the State Library of

1 ¢ gy WAT@9 WqOY 9 YR GEETA SAf  afaurerea-
astafa | '—ApSl, iii. 5 (com.).
But on a different occasion (ApSl, vii. 14-15, com.), he says
“ wred § MEsfAE wW: e |
This indeed gives accurately the area of ths sector of the circle.

3
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Tanjore (No. 9160) was made in Sarhvat 1638 (=1581
A.D.), and that in the Government Collection of the
Asiatic Society of Bengal in Sarhvat 1645 (=1588 A.D.).
Sundararija is found to have quoted from Dvarakanitha
Yajva's commentary on the Baudhiyana Sulba a few
bfnassages dealing with the transformation of a square into
a rectangle having a given side, the correction to the
Sulbs formula for squaring the circle and vice versa,
enlargement of an altar and certain other matters.

Dvirakanatha must be posterior to Aryabhata I (499)
whom he quotes.l He proves with the help of illustrative
examples that the methods taught in the Sulbas for the
squaring of a circle and vice versa do not lead to an
accurate result as compared with that obtained by the
method of Aryabhata. 1f 2a be the side of the square
equivalent to the circle of radius r, then according to the
Sulba,

r=a+-—g( V2-1),

=p— T T
“=r—5t5%% " E26T 53968

These lead to »=3-0883..., 3°0885..., respectively.
Dvarakaniitha Yajva emends them to 2

r=§ a+.i3‘(«/2_1)}( 1-~1is )

_.( LAY ( 1.3
a= s 829 8.29.6 82968 2133

These will work out 7=3"141109..., 8'157991....

1 B8l i. 60 (com.) ; the quoted passages are Aryabhatiya, ii, 7, 10.
3 BSY, i, 60 (com.).
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Dvarakanatha Yajva states that

5«2;« angulis=5 angulis 27} tilas,
12
V3

15 -
73 angulis =8 angulis 23 tilas.

angulis=6 angulis 32 tilas,

From these we get

1

VR ='580..., "5784318725..., -5784313729...

According to modern calculation 1/ +/3=-5773...

It should be noted that there were also other com-
mentators of the Julbas anterior to those who are known
to us now. Kapardisvami, the earliest known commenta-
tor of the Apastamba Sulba has referred to at least
one such anterior commentator.!

1 “ 3fagg wGouRTIRAWEIANAAG ugfd  JAGHAE,
wefafgatafa arardrans sra@dfa aga... 17 Apsl, vii. 10 (com.).



CHAPTER III
GROwWTH AND DEVELOPMENT OF THE SULBA

It has already been observed that the science of geo-
metry originated in India in connexion with the construction
of the altars for the Vedic sacrifices. We now propose to
treat this point more fully. We shall further trace, as far
as possible, the growth and development of the Hindu
Geometry from its earliest state down to the one in
which we find it now in the Sulba. Much has been
done before in this respect, by Birk in his masterly
introduction to his edition of the Apastamba Sulba.! Much
more still remains to be done. ,

The Vedic sacrifices are mainly of two classes: Nitya (or
‘“indispensable,”’ *‘ obligatory *’) and Kamya ('‘ optional,”
‘“intentional "’). The performance of the sacrifices of the
former class is obligatory upon every Vedic Hindu. It
will be a sin for him if he does not do them. But it
is not 8o with the sacrifices of the second kind. For they
are to be performed each with the sole motive of achiev-
ing a special object. Those who do not aim at the attain-
ment of any such object need not perform any of them.

According to the strict injunctions of the Hindu
Sastra (or *“ Holy Secriptures *’) each sacrifice must be made
in an altar of prescribed shape and size. It is stated that
even a slight irregularity and variation in the form and
gize of the altar will nullify the object of the whole ritual
and may even lead to an adverse effect. So the greatest
care has to be taken to have the right shape and size of
the altar.

1 Jpastﬁmba-Sulba-aitra, edited and translated with an introduc-
tion by Albert Biirk, ZDMG, LV and LyI,
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There are multitudes of the altars Of the Nitya Agni
(or ‘* the altars for the obligatory sacrifices ’*), the three
primary ones are the Garhapatya, Ahavaniya and Daksina.
Every Vedic Hindu has to offer sacrifices in them daily.
Other obligatory sacrifices are seasonal and are performed
at special periods. According to the nature of the oblations
they are broadly subdivided into three groups: (1) Isti Yajiia
(or ‘‘sacrifice with oblations of butter, fruit, ete.’’) such as
Darda and Paurnamdsa sacrifices which are performed at
every new-moon and full-moon respectively; (2) Pasu
Yajiia (or ‘* Animal sacrifice ’’) such as Nirudhapadubandha
which must be performed once every year, more parti-
cularly, on a new-moon or full-moon day in the rainy
season; or according to a different school twice every year
at the time of the winter and summer solstices; (8) Soma
Yajiia (‘ Soma sacrifice ’’). This last sacrifice is very big
and expensive and so cannot be performed often. But it
must be performed in a family of Vedic Hindus at least
once in three generations.

Now we find it from the Sulba, that the altar of the
Girhapatya must be of the form of a square, according
to one school, and a circle, according to a different school.
The altar for the Aharaniya should be always square and
that of the Dalksina semi-circular. The area of each,
however, must be the same and equal to one square
vyama (1 vyama=96 angulis). So the construction of these
three altars, it will easily be recognised, pre-supposes the
knowledge of the following geometrical operations :—

(f) To construct a square on a given straight line.
(@it) To circle a square and vice versd.
(iti) To double a circle.

The last problem is the same as to evaluate the surd
~%. Or it may be considered as a case of doubling a
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square and then circling it. So in that case, we geb at
the proposition : —

(tv) The area of the square on the diagonal of & square
is double the area of that square.

The Saumiki-vedi or Maha-vedi is described as an
isosceles trapezium whose face is 24 padas (or prukramas),
base 30 padas and altitude 36 padas. The Sautramani-
vedi is stated to be an isosceles trapezium similar to and
with an area one-third that of the Mahd-vedi, and the
Paiftrki-vedi is one-ninth of the latter. The Pragvamsa
is a rectangle. These and other similar altars lead to the
operations :

(v) To construct a rectangle having given sides.

(vi) To construct an isosceles trapezium whose face,
base and altitude are given.

(vii) To find the area of an isosceles trapezium.

(viii) To construct an isosceles trapezium whose area
will be equal to a simple multiple or sub-multiple of, and
which will be similar to, another isosceles trapezium.

Geometrical operations of more complex nature are
required for the accurate construction of the Kamya
Agni (or ‘‘ the fire altars for the sacrifices to achieve
special objects *’). Amongst them the most ancient and
primitive form is the Sycna-cit (or ** the altar of the form
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of the falcon ’’). The dtman (or *‘ body,”” ‘¢ trunk ') of
this citi (or *‘ altar’’) consists of four squares of one square
purusa each. Each of its wings is a rectangle of one
purusa by one purusa and one aratni (= § of a purusa).
Its tail is & rectangle of one purusa by one purusa and a
pradeda (= 4, of a purusa). This altar is more usually
called Saptavidha-saratni-pradcéa-caturasra-syena-cit be-
cause its area is 74 square purusas,its shape resembles that
of & falcon (éyema) and because the bricks used in its
construction are square.

The Fire-altars for other optional sacrifices are pre-
scribed to be of different shapes. Thus we find altars also
of the shape of (2) wvakra-paksa vyasta-puccha $yena (or
‘‘the falcon with bent wings and outspread tail **), (8) kanka
(‘“heron '), (4) alaja (a kind of bird), (5) praiiga (‘‘triangle’’
usually an isosceles triangle), (6) ubhayatalr praiiga
(“* triangles on both sides,”’ that is, a rhombus), (7) ratha-
cakra (*‘ chariot wheel ”’), (8) drona (‘‘trough’’), (9) samuhya
(“‘combined '), (10) paricayya (‘‘circular’’), (11) émadana
(‘*cemetery’’), (12) karma (‘‘tortoise’’), etc. Each of these
altars shall have the same area as that of the standard
form of the Syena-cit, that is, 73 square purusas.

For the accurate construction of these altars, previous
knowledge of the following principal geometrical proposi-
tions will be essential besides those noted above and a few
others:

(iz) To construct a square equal to & simple multiple

(or sub-multiple) of another square.
(r) To construct a square equal to the sum or differ-

ence of two unequal squares.

(xi) To transform a rectangle into a square and wvice
versd.

(xit) To conmstruct a triangle or a rhombus equal to a
square.
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A knowledge of the following important theorem
is most indispensable for the geometry of the altar-
construction.

(xii)) The area of the square described on the diagonal
of a rectangleis equal to the sum of the areas of the
squares described on its two sides.

Every one of the altars is constructed with five layers
of bricks, which together come usually up to the height
of the knee (=82 angulis). In some cases the use of more
layers of bricks is permitted with the proportional increase
in the height of the altar. Now every layer, it is pre-
seribed, contains a definite number of the bricks of speci-
fied shapes, For instance, each layer of the square
Garhapatya altar is constructed with 21 bricks of square
or rectangular shape and each layer of the Caturasra
Syena-cit consists of 200 squars bricks. Again in the
case of the altars of other optional sacrifices, shape of the
bricks are varied, but the number of them to be employed
in the construction remains the same, i.c., 200. Sometimes
the one and the same altar is constructed in different
patterns. All these have given rise to (1) the problems
of the division of figures into a particular number of parts
of specified shapes and also to (2) certain interesting
problems of indeterminate character.

It has been stated above that a Kaimya Agni has an
area of 73 square purugas. That is the case only at the
first construction of the altar. At its second construction,
the area has to be increased by one’square purusa; at the
third construction by two square purusas; and so on until
to the size of 101} square purusas. But the strict injunc-
tion of the scriptures is that the shape of the altar on the
whole, that is, the relative proportion between its different
constituent parts at any construction, must not be altered.
Thus arise the problems of constructing similar figures.
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Such is, in brief, a résumé of the more salient points in .
the elaborate and minute in details specifications of the
shape and size of the principal sacrificial altars and of the
geometrical knowledge presupposed in their construction,
as we find them in the extant Sulba. What should be
particularly emphasized now is the fact that those speci-
fications are not due to the authors of the Sulba them-
selves. They do not even pretend to make any such
claim. On the other hand, they have often and then
expressly admitted to have taken them from earlier works.
We, in fact, find that numerous passages of Baudhdyana
and Apastamba Sulba dealing with the spatial magnitudes
of sacrificial altars as well as with the methods of their
construction, end with the remark iti vijiayate [or ‘it is
known,’’ ‘it is recognised or prescribed (by authorities)’’].1
Sometimes iti abhyupadisanti (** thus they teach ’’)2 or it
uktam (*'it has been said’’),® is used in the same sense. It
has been rightly pointed out before by Garbe 4 that all
those passages of Apastamba are literal quotations from
the Taittiriya Brahmana or from the Brahmana-like por-
tions of the Taittiriya Samhité or Aranyeka. That is
exactly true also of the similar passages of Baudhayana.®
This writer is occasionally more explicit about his sources.
In connexion with certain difference of opinions amongst
the altar-builders about the proper size and shape of a

1 BS§l, i, 65, T1, 16, cte. ; ApSl, iv.1,8,5;v.1, 8, 10, etc,

2 BSI, i. 86b.

3 ApSl, ix, 2 * B,

4 Vide the Preface (p. xviii) to his edition of the Srauta Satra of
Jpastamba, Vol. III, Calcutta, 1902. Garbe has pointed out in a most
scholarly manner the relations of this work with others such as
Samnhitd, Briahmanae and Srauta-sitra.

5 Compare forinstance the passages with such remarks in BSr, xxiv. 2
with 78, i. 2.2.8; BSr, xxiv. 29=T8,i. 7.8.1; BSr, xxvi. =7,
vii. 4. 2, 8, PaAABr, xxiii. 19. 8; etc.
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particular altar,! Baudhayana is found appealing to the
authorities of the Brahmana, by name, for the purpose of
arriving at a satisfactory settlement. ¢ This is not right,"’
observes he, ‘‘as it will bring this opinion in contradiction
with the ancient precepts. Regarding this point the
Brahmana of some is as follows..., of others is...And the
following is our Brdhmana...”” 2 By “ our Brahmana’’ is
meant the Taittiriya Samhita, where indeed the quoted
" passage occurs.® On a different occasion, in connexion
with certain method of constructing a particular altar,
Baudhayana remarks: ‘‘ There is also a Bréhmana on this
point.”’* Here again the reference is to the Taittiriya
Samhitd.®> There are also other mentions of Brahmana
in general by Baudhiayana.® He has once quoted the
Maitrayaniya Brahmana by name.” Xatyayana is found
to have appealed similarly to the authority of the *‘Sruti,”
on two occasions.® Apastambs has sometimes observed
that certain constructions are not sanctioned by the
Sruti.® Thereby he clearly implies that other matters
about the spatial magnitudes of the sacrificial altars and
the methods of constructing them, that have been record-
ed by him, are in full accordance with the tcachings of
the Sruti but are not his devices. This he has admitted

1 The controversy. is as regards the construction of the falcon-gshaped
altarof areas 1} to 63 square purusas with or without wings and tail.
This will be dealt with more fully later on. Compare JpSl, viii. 3-5.

2 B8, ii. 15-9.

3 TS, v.2.5. 1,

4 BSl, ii. 35.

5 TS, v.6.6. 3.

6 BSI, iii. 6. Here the reference is to TS, v. 3. 1. 6 and v. 5. 3. 2,
Compare also BSl, iii. 1 with TS, v. 4, 11, 1.

7 B#Y, iii. 10.

8 KSI, v. 7; vi. 4.

9 Aps1, viii, 5, 6.



RG-VEDA 27

also otherwise, as has been just pointed out. It will be
further shown presently that we can, indeed, trace
most of the matters contained in the Sulba to the earlier
Brahmana and Samhita.

The reference to the sacrificial altars and their con-
struction is found as early as the Rg-veda Sawhita (before
3000 B.C.).! There is mention in that work of the *‘ three
places”’ of the Agni,* which doubtless imply the Gdrha-
patya,® Ahavaniya and Daksindgni. Though we do not
find there any specific mention about the relative sizes and
shapes of these altars we have nothing to doubt that they
were, in any way, different from what we meet with in
pesterior Brahmana.* Hence it seems that the problem
of the squaring of the circle and the theorem of the square
of the hypotenuse (at least in its simplest form) are as old
in India as the time of the Rg-veda. They might be older
still. For it has been shown by Oldenberg that those
three fires are earlier than the Rg-veda.®

In the Rg-veda, it should be made clear, there is no
particular rule for the construction of the altars. We can-
not indeed reasonably expect to find such a rule there,

! There are innumerable references in the Rg-veda to the sacrifice-altars
and their constructions. For the mention of the vedi, see for instance
RV, i.164. 35; i.170. 4 ; v. 31. 12 ; vii. 35. 7, etc. ; and for its construc-
tion compare the passages : * O Lovely (Agni)! They construct the veds
for you and offer oblations there ** (RV, viii. 19. 18) ; *‘ measured out the
veds " (RV, x. 61. 2), ete.

? ¢ gwa §g wow gOfeanfa faag@ sfdIR,”” AV, v. 11.2,

3 The mention of the Garhapatya Fire by name occurs, for instance,
in RV, i. 15.12; vi. 15, 19 and x, 85. 27.

4 The first express description of the Garhapatye as a circle of one
square vyama (= puruga) and of the Ahavaniya being a square of the
same gize appears in the Satapatha Brahmana (vii. 1. 1. 37; vii. 2. 2,1 £,
Cf. 8BE, Vol.XL, iii, p. 807, fo. 2). In the Taittiriya Sarmhits (v. 2.5.1),
the Ahavaniya is stated to be of one {square) purusa.

§ Oldenberg, Religion des Veda, p. 348, n. 3; SBE, Vol, XXX, p. ix.
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when we remember the nature of that work. We learn
from it, however, that there were then learned experts
to do that work. This is very important inasmuch as it
implies the existence of the science or the art of the altar-
construction. An expert in that science is called Agnicit
{or ‘‘ the constructor of the Agni or Fire-Altar ’’). This
term appears in the Taittiriya Samhita, Maitrayaniya Sam-
hita, Satapatha Brahmana and other early works In these
works we also find rules for his conduct.!

We next turn to the Yajur-veda which is very rightly
described as the encyclopdia proper of the Vedic sacrifices.
There we find a very elaborate, and in detail tedious, rite
of the Agni-cayana (or ‘‘the construction of the Fire-
altar ') and its highly speculative philosophy.2 The same
mystic import is found, it is noteworthy, in the Sawhita
of the different schools of this Veda such as the Taittiriya,
Maitrayaniya, Kathaka, Kapigthala and Vajasaneya. This
shows that the Agni-cayana and its philosophy had taken
definite shapes in an earlier period. Eggeling ? has, indeed,

1 According to the Taittiriya Sathhitd, an Agnicit should live upon
what are obtained freely from Nature, such as fruits, etc., but not by
sowing (v. 2. 5. 5-6). He is particularly forbidden to eat the flesh of
birds. “ The fire is a bird ; if the piler of the fire were to eat of a bird,
he would be eating the fire, he would go to ruin ’* (T8, v. 7. 6. 1). The
same prohibition is found algo in the Mait-ayaniya Sathita (iii. 4. 8) and
Satapatha Brahmana. In the latter work we find also o contrary
opinion. *‘Here, now, they say, ‘ He who has built an altar must not eat
of any bird, for he who builds a fire-sltar becomes of a bird's form; he
would be apt to incur sickness : the Agnicit therefore must not eat of
any bird." Nevertheless, one who knows this may safely eat thereof ; for
he who builds an altar becomes of Agni's form, and, indeed, all food here
belongs to Agni : whosoever knows this will know that all food belongs
to him.” (SBr, x.1. 4.13. Compare also TS,v.6.8.81.;7.6. 2 ff.;
Ap8r, xvii. 24.

% Compare The Veda of the Black Yajus School translated into Eng-
ligh by A. B. Keith, Cambridge, Mass., 1914, Introduction, p. cxxv fI,

3 SBE, Vol, XLIIT, Introduction, pp. xiv fl,
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traced the origin of the philosophy to the Rg.veda.
In the Brdhmana, the science of the construction of the
Fire-altar is found in an enormously developed form. Thus
five sections (kandikd vi-x) out of a total of fourteen,
or rather more than one-third of the whole of the
Satapatha Brahmana is devoted to the treatment of this
science. We cannot definitely ascertain how much of this
development is due to the. Brahmana and how much of it
is still older. For, according to the introductory chapters
of the Hiranyakedi and Apastamba Sraute-gitra, it is
one of the primary functions of the Brahmana to
describe, amongst other things, the Karma-vidhi (or
““ Rules for the performance of the sacrificial rites *’)
and the Purd-kalpa (or *‘the performance of the
sacrifices in former times ’). So_that the Briahmana
simply keeps up a record of the ancient traditions.
1ndeed in those works, all rites are traced to the gods
as their originators or even to the Supreme Creator
of the universe. Still the general truth is that every
science has its growth and development and the
science of the altar-construction caunot be an exception
to it. So it will be quite natural to believe—and we have
corroborative evidence of it—that the science truly
attained a new stage in the time of the Brahmana (c.
2000 B.C.). The existence of different masters of this
science with independent views is found even as early as
the time of the Taittiriya Samhité (c. 3000 B.C.).}
More conclusive evidence of it is furnished by the Srauta-
sutras which are a sort of compendiums of earlier theo-
ries. In the Satapatha Brahmana, there are clear
attempts to refute some of the earlier theories of the
science of the altar-construction (vide infra).

. 1 References to’ the earlier authorities are found, for instance, in
P9,v.2.8.12;8.8.1; 8, 2,1 ; etc.
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One thing should be made here perfectly clear: the
treatment in the earlier literatures, the Sarhita as well
88 the Brahmana, of the measurement of the various
Vedi and Agni, appertains chiefly to the ritualistic
aspects of the problems. Reference to the secular or
geometrical and other truly scientific aspects are only
incidental for them and hence are found on rare occasions.
Fuller details of the geometry of the measurements of the
altars are particularly described in the Sulba parts of the
Srauta-satra. But traces of that, it will be shown con-
clusively in the course of this work, are clearly noticeable
also in the Brihmana. And it will not be improper, I
think, to presume that the geometrical methods for the
solution of the problems of the measurements of the altars
were known in still earlier periods. For the rituals of
measurements will be altogether baseless unless accom-
panied by a knowledge of the underlying geometry.

In the Taittiriya Sawmhita, we find the following
scanty reference to the scientific operations for the con-
struction of the Daréapaurnamasiki-vedi :

‘“ He performs thce second drawing of a boundary
himself. The earth is of the size of the altar; verily
having excluded his enemy from so much of it, he per-
forms the second drawing of a boundary himself. Cruelly
he acts in making an altar.’’}

But such meagre descriptions of course do not help
us’' in any way to conjecture the geometrical devices
adopted for the construction.

We shall now proceed to show, as briefly as possible,
that some of the specifications about the shape and size
of the various Vedi and Agni and about their relative
positions, which we find in the Sulba can be clearly traced

1 T8, ii. 6. 4. 2-3 (Keith's translation). Compare;, TBr, iii, 2. 9. 10;
BSr, xxiv, 24.
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to earlier Sashitd and Brahmana. This will doubtiess
corroborate the traditional origin of the science of Hindu
Geometry in a very remote age to be true. We have
already shown the ancient origin of the three fundamen-
tal altars, the Gdrhapatya, Ahavaniya and Daksindagni.
Their relative positions are deseribed in the Satapatha
Brahmana?! and Sraula-sitra 2 to be identical. Accord-
ing to all the Sahita 3 and Brahmana, 4 as in the Sulba,
the @Garhapatya citi must be constructed with the same
number of bricks, namely 21, arranged in an identical
manner. It is further stated in the Taittiriya Samhita :

‘ He who constructs (the Garhapatya citi) for the first
time should construct in five layers... He who con-
structs for a third time should construct in one layer....”’3

The spatial magnitudes of the Saumiki-vedi (or *‘the
altar of the Soma-sacrifice’’), also called the Mahd-vedi
(‘*the Great Altar’’) which has been already described to
be of the form of an isosceles trapezium whose face
is 24 prakramas (or padas) long, base is 80 and altitude 36
prakramas, are given inthe Sawmhitd,® and Satapatha
Brahmana.” But the earliest description of & method of
its measurement, or a method for the construction of an
isosceles trapezium having given face, base and altitude is
found in the latter work. It says:

“ From that (the largest post on the east side) one pro-
ceeds three vikramas to the east and there fixes a pole; thig

$Br, i. 7. 3. 23-5.

Cf. BSr; BSI, i.64-69; ApSr, v. 4.3-5; ApSl, iv. 1-4; KSr,
.19; KS1,1i. 26,2 8.

Cf. TS, v. 2. 8. 4ffi; MS, iii. 2. 3; KtS, xx. 1; Kap$, xxxii. 8.

$Br, vii. 1. 1. 18, 33-4.

TS, v. 2. 3. 6f.

T8, vi. 2, 4. 5; M8, iii. 8. 4; K¢S, xxv. 3; Kap§, xxxviii. 6.

T 8Br,iii. 5. 1. 1f; x. 2. 3. 4. Compare also BSr, vi. 22; dpSr, xi.
4, 116 ; KSr, viii. 3, 6-12; Masr, ii. 2. 1-13,

iv.
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is the middle-hind pole (antakpitak). From the middle-
hind pole, he goes 15 prakramas towards the south and
fixes 8 pole there; this is the south-west corner (of the
Mahd-vedi). From the middle-hind pole, he proceeds
15 prakramas towards the mnorth and fizes a pole there;
it is the north-west corner. I}'rom the middle-hind pole
he goes 86 prakramas towards the east and fixes
a pole; thisis the middle-front pole. From the middle
front pole, he strides 12 prakramas towards the south
and fixes a pole; this is the south-east corner. From
the middle-front pole, he goes 12 prakramas towards
the north and fixes a pole there; this is the north-east
corner. Such is the measurement of the (Mahd-)vedi.’’ !

Here or anywhere else in this Brahmane, we are not
taught how to draw the east-west line and how to draw a
line at right angles to it (i.e., the north-south line) through
a given point on it. That there were some methods for
those constructions is beyond question. We have only
to conjecture what were these methods. Now almost
identical descriptions about the measurement of the
Mahd-vedi reappear in the Srauta-sitra of Baudhayana?
and Apastamba.® It has been further taught by the
former writer that all the measurements are to be
made by means of a cord on the principle of a rational
rectangle (vide infra). The Sutapatha Brahmana is
Jnown to have measured the vedi with a cord.* Had
it also recourse to the same method? At any rate, it is
not improbable. For. we have clear evidence to prove

1 §Br, iil. 5. 1. 1-6.

2 BSr, vi. 22. In this work the middle-hind pole is called the $ala-
mukhiya-éanku and the middle-front pole the y&pavatiya-sanku.

3 ApSr, xi. 4. 12-8, Compare also KSr, viii, 3. 6-12, and the
method of K¢Sr quoted in Yajfikadeva's commentary on the 11th Sitra.

4 Cf, $Br,x.2.3,81.
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that the theorem of the square of the diagonal, or the’
so-called Pythagorean Theorem was known then and used
to be employed in that as well as in other connexions.!®

The construction of a square having a given side is
deseribed thus (omitting the descriptions of ths ceremonies
and speculative explanations):

‘* He then takes up the wooden pin (§amyd) and
wooden sword (sphya). Then from the pole which lies
in the north-east (corner of the Mahd-vedi) strides three
prakramas backwards and then marks out the pit (catvala).
That is the measure of that pit; it has no other measure.
Wherever he himself thinks it (proper) in his mind, in
front of the utkara (‘the heap of rubbish’), there he marks
out the pit. He (draws first) the (western) extremity of
the altar. He lays out the wooden pin northwards and
marks out (a line)...Then on the front: he lays down the
wooden pin northwards and marks out (a line)...Then
on the southern extremity of the altar: he lays down the
wooden pin eastwards and marks out (a line)...Then on
the north: he lays down the wooden pin eastwards and
marks out (a line)....”” ?

This is, in fact, the square pit, with the earth from
which the Uttara-vedi is constructed. Hence both have
the same cubical content. This measurement of
the pit reappears in the Sulba. It is, perhaps,
particularly noteworthy, that in the above we find an
instance of the use, in former times, of a ruler (in the
body of the straight wooden pin, called the samya) to
draw a straight line from a given point in a specified
direction. It is not said how those directions, or rather
the cardinal directions passing through a point were used

1 Vide infra.
2 $Br, iii. 5. 1. 26-30. Compare also TS, vi. 2, 7, 1.2,

5
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to be determined. Was a pair of compasses also in use
then?

Though lavish description of the rites and ceremonies
in connexion with the construction of the various other
altars, such as the Darapaurnamasa-vedi, Ultara-vedi,
Advamedha-vedi, Agnidhriye, Hotriye, Marjaliya, Sudas,
Uparavas, ete., arc commonly found-in the Taittiriya and

" other Sawmhitd, any clear mention of their spatial
magnitudes are very rare therein. In that respect, we
obtain much better information from the Brahmana.

It has been stated before that the standard form of an
optional Fire-altar is that of a certain bird. This bird is
called Syena (‘ falcon”) in the Taittiriya Samhita!
and Suparpe Garutman (‘' well-winged eagle ’’) in the
Vajasaneya Surnhita 2 and Satapatha Bralimana 3 which
is sometimes abridged into Su parud in the latter.4
The first name is found more commonly in other Surrhild
and Srauta-sitra whereas the other names are rarely met
with elsewhere.® A clear refcrence to this form is found
in the Ryveda where Agni is frequently called a bird."
The spatial magnitudes of the falcon-shaped Fire-altar
have been defined in almost all the earlier works from the
Tuittiriya Sumhild onwards, and they are exactly the same
as those that are found in the Sulbe. Though it is stated
by the authorities that it should be measured preferably
with a bamboo-rod the details of the method of

1/8,v.4,11. 1.

2 V8, xil. 4.

3 §Br, x. 2, 2. 4.

¢ SBr,vi. 7.2, 6. 8.

5 The name Suparna-citi of the Satapatha Bralmana (vi. 7.2, 8)
resppears in the Manava Sulba (vii), but its form differs from the
ancient one by the addition of a head. k

6 RV, %164, 52;x.14. 5; compare also i, §8. 5; 141. 7; ii, 2.4; vi,
8.7;4.7;x. 8.3,
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measurement are scanty in earlier ones. The Taittiriya
Sarhitd says:

*“ With man’s measure he metes out; man is commen-
surate with the sacrifice; verily he metes him with a
member #of the sacrifice; so great is be as a man with
arms extended; so much strength is there in man; verily
with strength he metes him. Winged is he, for wingless
he could not fly; these wings are longer by an ell (aratni);
therefore birds have strength by their wings. The wings
and the tail are a fathom (vydma) in breadth; so much is
the strength in man, he is commensurate in strength.

He metes with a bamboo;...”” ?

The Mailrayariya Samhita says:

‘“ As much as 8 man with arms extended, with so
much a bamboo-rod, (the Fire-altar) is meted out; so much
strength is there in the man; verily with strength it is
meted cut ;...He metes out the Fire-altar; seven (square)
purusas he metes out; for by seven purusas he knows the
universe and by seven purusas of the self he eats food.
A measurc of aratni is added to the two wings; the birds

o

have strength by their wings.”” 2

More particulars are supplied by the Sutapatha
Brahmuana:

¢ Verily He comprises seven purusas. Secven purusas
certainly are in this Person (Agni); since four (purusas)
(as) the body and three the wings and tail; for the body
of that Person is certainly (composed of) four (purusas)
and the wings and tail of three. He metes it out
with (the measure of) a man (purusa) with arms ex-
tended. Verily the sacrifice is a purusa and hence
by it, all these are measured ; and that is its best

1 78, v. 2. 5. 1ff. (translation hy Keith).
2 MaiS, iii. 2. 4.
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measure inasmuch as with arms extended he (man)
has his maximum measure: he then secures for him
that and by that he measures it... Then he adds
two aratnis to the two wings; by that he gives strength
to the wings. Verily, the two wings are two grms (of
the bird) and by arms food is eaten: simply for the sake
of food he makes that space; inasmuch as the food is
taken from the distance of an aratni the two aratnis he
"adds to the two wings. Then to the tail he adds a
vitasti. He thus gives strength to the support; verily,
"the tail is the support. The hand (consists of) vitastis,
and by means of the hand the food is caten; simply for
the sake of food he makes that space. Inasmuch as he
adds one vitasti to the tail, he settles for it the food;
because he adds less here (in the tail), he thereby secures
it in the food. Thus, this much is it (the.body) measured,
and this much is it (wings and tail); certainly it (the
bird or altar) is measured this much in order to secure
for it that (its natural measure).”’!

Full details of the methods of measurement of the
falcon-shaped TFire-altar are not found until the Srautu-
sitra. The method of the measurement by means of a
bamboo-rod has been described in the Apastamba Sulba,?
and that by means of a cord is hinted in the Baudhdyana
Srauta® described in full in the Katlyayana Srauta. The
latter says:

‘“ Measure u cord two purusas long. Make ties at its
both ends. Make mauarks at the middle; on either sidcs
of it, at the halves of the purusas; at distance of the
one-fifth of a purusa from the middle (mark); and also

1 S8Br,x.2.2.58. Cf vi.l. 1.6, ; x. 2 8.4.
2 A4p§l, viii. 7-ix. 3. Compare also ApSr, xvi. 17.8.
3 BSr,x. 19; xix. 1.
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at their halves (that is, at one-tenth puruga from the
middle mark). Stretch the cord along the prsthya (the
east-west line) and fix poles at the two ties, the middle
mark and the marks at semi-purusas. Unfasten the two
ties, fasten them to the semi-purusa-poles and then
stretch the cord towards the south by holding it by the
middle mark. Make a point at the place reached by
that. Unfasten the two ties; fasten one at the middle
pole, then stretch the cord towards the south over the
point and fix a pole at the place reached by the middle
mark. Then fasten one tie at this pole and another at
the eastern pole; stretch the cord towards the south and
fix a pole at the place of the middle mark; then another
also at the semi-purusa-mark. Unfasten the tie from
the eastern pole and then fasten it to the western pole;
stretch the cord southwards and fix a pole at the place
reached by the middle mark and also two about it at the
s2mi-purusa marks. Proceed in the same way on the
northern side. Again on the southern side, stretching the
cord in the way indicated before, fix a pole at the distance
of the fifth-purusa-mark. Having fastened a tic at that,
and also at the eastern semi-purusa pole, stretch the cord
properly, and fix a pole at a distance of the semi-purusa-
mark (from the one) and the fifth-purusa-mark (from the
other). Similarly on the west. Similarly (construct)
the northern wing. Thus also the tail with its vitasti.
If desired, the two sides of each wing and of the
tail may be contracted by four angulis each on one
extremity and extended by the same amount on the
other.”’!

The Sataputha Brahmana, however, teaches us how to
bend the wings of the falecongin order to construct that

1 KSr, xvi. 8. 1-80.



38 VAKRAPAKSA SYENA-CITI

variety » of the Fire-altar, known as, the Vakrapaksa
Syena-citi. )

*“ He contracts the inner extremity (of the southern
wing) inside on both sides only by four angulis; by four
_angulis outwards on both sides he expands the outer
extremity. Thus by as much he contracts, by so much
he expands; certainly, for that, he neither excceds (the
proper size of the wing), nor makes it too small. Simi-
larly, he does for the tail; and in the same way, for the
northern wing. Then he makes the bent of the two
wings. For bents there are in the wings of a bird;
the bents of the wings of a bird are by its one-third each;
by one-third of the wings inwards each the bents of the
wings of the bird are. He expands (each of the wings)
on the front just by four angulis; he contracts at the
back by four angulis. Thus by as much he cxpands by
so much he contracts; and so he neither exceeds, nor
makes it too small.”’!

A complete list of the various Kamya Agni together
with a statement of the objects for the attainment of
which, each of them is to be constructed and «acrifices
made therein, is found in the Taittiriya Sawhita.2 That
has been practically reproduced in the Baudhdyana
Srauta-sutra.® The enumeration of most of them
appears in the Maitrayaniye Saimhita * and Salapatha
Brahmana.® 1t may be noted, . though it is immaterial
for our purpose, that the construction of Fire-altars other
than the Supurpa-citi (** the eagle-shaped altar ’’) is for-
bidden in the latter work.

1 §Br, x. 2.1, 4-3; compare also $Br, x. 2. 1. 7; B, iii. 62ff,
2 T8, v.4.11. *
3 BSr, zvii. 28-30.
Mai8, vii, 4. 7. Cf. iii. 2. 5,
5 SBr, %i.7.2,8.
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Thus, we find that almost all the Vedi amd Agni
which are described in the Sulba can be traced back,
for the matter of their shapes and sizes, as far as the
time of the Brahmana (c. 2000 B.C.); and they are
mentioned even in the Sarmhité (c. 3000 B.C.). The
Sulba has, in fact, expressly admitted in the majority
of cases, as has been pointed out before, that it has
taken the spatial magnitudes of the saltars from the
earlier literatures. We can, similarly, trace the earlier
origin of many other matters traced in the Sulba. As
regards the height of an Agni and the number of bricks
to be used in its construction, Taittiriye Samhita
observes :

‘“ He should pile (the fire) of a thousand (bricks) when
first piling (it); this world is commensurate with a
thousand; verily, he conquers this world. He should
pile (it) of two thousand when piling a second time; the
atmosphere is commensurate with two thousand; verily,
he conquers the atmosphere. He should pile (it) of
three thousand when piling for the third time; yonder
world is commensurate with three thousand; verily, he
conquers yonder world. Knee-deep should he pile (it),
when piling for the first time; verily, with the Gayatri
he mounts this world; navel-deep should he pile (it)
when piling for the second time; verily with the Trigtubh
he mounts the atmosphere; neck-deep should he pile (it)
when piling for the third time; verily, with the Jagati
he mounts yonder world.”’!

Each Agni is usually constructed in five layers,
when constructed for the first time. It should have
double or treble number of layers when constructed for
the second or third time. The Taittiriya Sashitd says: —

1 78, v. 6. 8.2 {, (Keith’s translation).
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‘¢ The first layer is this (earth), the mortar the plants
and trees; the second is the atmosphcre, the mortar the
birds; the third is yonder (sky), the mortar the Naksatras;
the fourth the sacrifice, the mortar the sacrificial fee;
* the fifth the sacrificer, the mortar the offspring; if he were
to pile it with three layers, he would obstruct the sacri-
fice, the fee, the self, the offspring; therefore should it be
piled with five layers; verily, he preserves all. In that
there are three layers, (it is) since Agni is of threefold;
in that there are two (morc), the sacrificer has two feet,
(it is) for support; there are five layers, man is five-fold;
verily, he preserves himself. Therc are five layers, he
covers (them) with five (sets of) mortar, thesce make
up ten, man has ten elements; he preserves man in his
full extent.’’}

But when Nakasad and Paiicagodd bricks are employ-
ed, after the fourth layer, there will be a sixth layer as the
height of these bricks are half the usual height of a brick,
viz., the one-fifth of a janu (=32 angulis). This sixth
layer is mentioned also in the Tuittiriye Saihita.?

The growth and dcvelopment of (1) the theorem of
the square of the diagonal, (2) the quadrature of a circle,
and (3) the comstruction of similar figures, has been
treated elsewhere in their proper places. We have clear
proofs, it has heen shown there, of the use of these in
the time of the Satapatha Brahmana (c. 2000 B.C.).
The first two seem to be still older. But we do not find
an enunciation of the theorem of the square of the
diagonal and a method for the quadraturc of the circle
before the time of the Srauta-saira. A method for the
construction of similar figures is taught in the Sutapatha
Brahmana, and it is the same as we find in later works.

1 1bid, v. 6. 10. 2 [, (Keith). Compare BSI, ii. 13,
2 Ibid, v. 6. 10. 8. Compare BSI, ii. 28, 69,



CHAPTER IV
PoSTULATES

For the geometrical operation s described in the Sulta,
the authors, we find, have tacitly assumed the truth of
certain other results without any attempt to describe
them beforehand or to indicate how they could be
effected. These results we have called here postulates of
the Sulba. They might not be postulates in the Euecli-
dean sense of the term; but they can certainly be so
called in accordance with the meaning given by Aristotle,
namely ‘‘whatever is assumed, though it is a matter for
proof. and used without being proved.”” Most 6f the
postulates of the Sulba are concerning the division of
figures, such as straight lines, rectangles, circles and
triangles. A few of them are about other matters of
importance.

(a) A given finite straight line can be divided into any
number of equal parts.

In the geometry of the Sulba, it is oftentimes required
to divide a givén finite straight line into a specified
number of equal parts. For example in one instance, the
diameter of a given circle is divided into 8 equal parts,
each of thesc again into 29 parts and so on into
other number of divisions.! There are indeed numerous
such instances.?2 Now it will be naturally asked
how it was used to be donme. Certainly not arith-
metically. At least it is mnot always possible to
do so. For we find instances of division of straight lines
which cannot be expressed in terms of commensurate
numbers. In circling a square, such a straight line has

v BSl, i. 59.
2 B4, i. 60, 68-9, etc.
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to be divided into three parts! and in another case into
twelve parts.2 Sometimes the given straight line is such
that the parts when expressed arithmetically will contain
.big fractions. Thus the side of a square of 96 angulis has
to be divided into 7 equal parts.3
(b) A circle can be divided into any number of parts
by drawing diameters.
" In the Sulba, we have several instances of the divi-
sion of a circle into a specified number of parts. For
instance, it is said that the Dhispiya may be square or
circular in shape and one of them, wviz., the Agnidhriya,
has to be divided into nine parts. Now in the case of
the s qu are shape of the altar, it is easily divided into 9
smaller squares by drawing cross-lines through the points
of trisection of the sides. When it is circular, there is
described a small circle about its centre and the annulus

Fig. 2 Figr 3.

is then divided into 8 equal parts by drawing four
diameters.* Similarly in an alternative circular shape of

1 BS1, i. B6.

2 B8, iii. 162; compare also ApSl, xix. 7 in which the diagonal of a
square of sides =} of a purusa is divided into seven equal parts.

3 BSl, ii. 64.

4 BSI, ii. 13-4 ; ApSi, vii, 13-14.
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the Marjaliya fire, the circle has to be divided into 6 equal
parts.? A circular annulus has been divided into 32°
equal parts;? another annulus into 64 equal parts and
then again into two parts each by drawing the mean
circle. 3

(¢) Euach diagonal of a rectangle bisects it.

(d) The diagonals of a rectangle bisect one another and
they divide the rectangle into four parts two and two
vertically opposite of which ure equal in all respects.

The description of the division of a rectangle or a
square by diagonals is found in the Sulba primarily in

<

Fig 4 Fig 5

Fig 6.

1 BSl,ii. 77. Compare ApSl, xvii. 21. 3, 4 for instances of divi-
sion of a circle into 12, 16 and 24 parts.

2 BSl, iii. 200.

3 BSl, iii. 202,
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connexion with the making of bricks of desired size and
shape. Certain interesting geometrical theerems have been
assumed there. The brick which resembles in shape the
portion of a rectangle or of asquare divided by its diagonal
is termed ardhyd (or ‘‘ the half ’’) and that resembling a
portion by the two diagonals is called padyd (or ‘¢ the
quarter *’). There are distinguished two kinds of pddya
of a rectangle, viz., dirgha-padyd (or ‘‘ longish or broader
quarter *’) and $ala-padya (or *‘ trident quarter ’).! This
distinctive nomenclature implies: (1) the halves of a
rectangle or of a square by a diagonal are identical in
size as well as in shape, and (2) so are also the quarters
of a square by its diagonals; and (3) the diagonals of a
rectangle divide it into four parts which are equal in area
but they are of two kinds as regards their shape. These
names perhaps further imply an idea of obtuse and acute
angles. There are bricks which are halves of the quarter
bricks by the perpendicular from the vertex on the base.’
No distinction is found to have been made between the
half of a dirgha-padya and that of a $ula-padyd, which
clearly shows that the Sulba-kiiras were aware that those
halves were identical. Thus it appears that the early
Hindu geometers knew the simple cases of the congru-
ence theorems. v

Another interesting kind of bricks is formed by the
combination of a half of a dirgha-padya or a é&ila-padya
with another brick. Baudhiyana describes :

‘“ The eighth parts of them? should be so combined as
there will be (a brick having) three corners.’’3

! BSI, iii. 168-9, 178.

2 The reference is to a square brick, culled paficami, for each side of
it is equal to the fifth (paficama) part of s puruss snd to s rectangular
brick one-fifth of a puruga by ove-fifth of s puruga and its half.

3 BS], iii. 122,

5
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A brick of this kind is technically called ubhayi! (fromy,
ubhay, ‘‘both’’)-because it is formed by the combination of

Fig7

two bricks of two different kinds. Since there is mentioned
only one ubhayi though there are distinguished two different
kinds of quarter bricks of a rectangle (the adhyardha) it
follows that Baudhayana was fully aware, what has been
just mentioned, that all the eighth parts of a recfhngle
are identical. What is much more noteworthy is that in
the formation of the ubhayt we find the source of the
discovery of the later Hindu principle of forming a rational
scalene tringle by the juxtaposition of two rational right-
angled triangles. 2

(¢) The diagonuls of a rhombus bisect cach other at
right angles.

F12:8

1 Ibid, iii. 129. .
? Bibhutibhusan Datta, ‘' On Mahavira's Solution of - Rational
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. (f) A triangle can be divided into a number of equal
and similar parts by dividing the sides into an cqual
number of parts and then joining the points of division
two and two.

Baudhayana on a certain occasion says, ¢ this (triangle)
is divided into ten parts.”’! But how to do it he does not
explain expressly. We, however, learn it from the com-
mentators that the traditional practice in such a case was

Fig. O.

to divide each side into four cqual parts and then to join
the points of division two and two as indicated in the
Fig. 9.

(9) An isoscecles triangle is divided into two equal
halves by the line joining the vertex with the middle point
of the opposite side.® Each of these has again been
divided int o six parts.?

Triangles and Quadrilaterals,’® Bull. Cual. Math. Soc., Vol. xx, pp. 267-
294 ; see particularly pp. 276-7.
1 BSI, iii. 256.
‘Ibid, iii. 258,
3 Ibid, iil. 260,



POSTULATES 47

Figr 10

We shall see later on that figures of more complex
shapes had to be divided into a specified number of parts,
pamely 200, of given forms. And this led to some in-
teresting problems of indeterminate character.

(h) A triangle formed by joining the extremities of any
side of a squarc to the middle point of the opposite side is
equal to half the square.

Fig 11

(i) A quadrilateral formed by the lines joining the
middle points of the sides of a square is a square whose
area is half that of the original one.
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Fig 12

(j) A quadrilateral formed by the lines joining the
middle points of the sides of a rectangle is @ rhombus
whose area is half that of the rcctlangle.

I

Fig.13.

(k) A parallelogram and a rectangle which arc on the
same base and within the same parallels are equal to ome
another.

Fig 14
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The assumption of the truth of this theorem forms the
basis of the Sulba method of the construction of a
parallelogram having given sides inclined at a given
angle, which will be described later on. It was also
known in the time of the Salupatha Brahmana.?

(1) The maximum square that can be described within
a circle i8 the onc which has its corners on the circum-
ference of the circle.

In the Sulba it is sometimes necessary to draw
within a circle ‘‘a square as large as possible (yavat
sarbhavet); >’ but it is not indicated how todo it. From
the subsequent descriptions it, however, appears clearly,
that the corners of that square are assumed to be on the
periphery of the circle. The commentators explain that
a side of this square will be equal to /2 times the radius
of the circle. In fact, two diameters of the circle are

v
N\

Fig 15

drawn at right angles to each other. The figure formed
by joining the end points of them, is the largest possible
square within the circle.

1X,.2.1, 5.'
2 BSI, i. 70; Ap8Y, vii. 10; xii. 12. Compare Paydit, O. 8., X, p. 166,

7
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It will be noticed that every one of the above propo-
sitions is demonstrable. Branding of them as postulates
raises the important question of the character of the
early Hindu geometry as regards the matter of demon-
stration. Of course the propositions of the Sulba are not
proved after the manner of Euclid by purely deductive
reasoning. On the other hand it is not wholly empirical
without any semblance of demonstration. In fact we find
a kind of proof in case of the propositions of the subtrac-
tion of one square ftom or its addition with another square
and the mensuration of an isosceles trapezium. After
the enunciation as a general proposition of the theorem
of the square of the diagonal, Baudhayana observes that
the truth of it will be ‘‘realised’’ in case of certain rationsl
rectangles enumerated. This is really an attempt for
a kind of demonstration. What is much more noteworthy
in this connexion is the fact that after a description of
the geometrical construction for a proposition the Sulba-
karas are often found to have remarked sa samadhil or
‘* This is the construction.’’? The significance of such an
observation is obvious. It emphasizes that the construc-
tion which was required to be made, has been thus
actually made., and indeed corresponds to the expression
Quod Erat Faciendum (or ** What it was required to do’’)
occurring at the end of a proposition of Euclid’s Elements.
Further it discloses a rational and demonstrative attitude
of the mind of the early Hindu geometer. With reference
to a similar remark occurring in the works of the cele--
brac. ' Hindu mathematician of the twelfth century of
the Christian era, Bhiskara II, Hankel observed: ¢ The
small word ‘ see ’ along with the figure together with the
necessary auxiliary lines supplies the Brihmanas with the

1 Ap8l, i, 2; K8, ii. 6 ; iiis 18 ete.
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‘proof of the Greeks’ concluding with solemn words ‘ what
was to be proved.” All that a practised mind could recog-

nise by means of assiduous consideration of a figure was
admitted as certain.’’ !

! H. Hankel, Zur Geschiclite der Mathematik in alterthum und
mittelatier, Leipsig, 1874, pp. 205 £,



CHAPTER V
CONSTRUCTIONS

To draw a straighl line al right angles to a given
straight linc.

(@) Suppose that the given straight line runs cast-
to-west. On it fix two poles at an arbitrary distance
apart, says Katyayana. Then

‘¢ Increase & cord of length equal to the distance be-
tween them (poles) by itself and make two ties at the
ends. Then having fastened the two ties at the two
poles, stretch the cord by its middle point towards the
south and fix a pole at the place reached by the point.
Proceed similarly on the north. It (the line joining these
two poles) is the north-to-south line.’’!

Fig 16

L K8, G, 3,
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But the more common and at the same time the
oldest Hindu method of drawing a straight line at right
angles to another is as follows:

(b) Take two points on the given straight line.  Des-
cribe two circles with their centres at these two points
and their radii equal to the distance between them. The

\
\1/
Figr 17

line joining the points of interscction of the two ecircles
is perpendicular to the given line.

To draw « straight linc al right angles to a given
straight line from a given point on il.

It should be observed that there is no particular rule
for this construction in any Sulba-sitra except perhaps
the Katyayana Sulba Paridiste. But it appears from
the descriptions of other constructions that more than
one device were uscd to be adopted for that purpose.
The earliest of these methods is as follows:

(@) Take two points (B, C) on the given straight line
(BC) at cqual distance from the given point (4). With
centre B and radius BC describe a circle. Similarly with
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D

B <A |
: E
‘ Fig 18

centre C and radius CB describe another circle. Let D
and E be the points of intersection of these two circles.
Join AD or AE or DE. Then this straight line will be at
right angles to the given straight line BC at 4.

(b) On the given straight line (BC), fix two poles
(B,0) equally distant from the pole at the given point 4.

D
/

nl(

B A

Fig. 19

Take a cord twice as long as BC. Muke a tie al each of
its ends and a mark at the middle. Fasten the two ties
at the poles B, C and stretch the cord towards the side
having taken it by the middle mark. Fix a pole D at the
point reached by the mark. Join DA. It is the required
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straight line which is at right angles to BC at the given
point A.

(¢) Fix u pole (B) at o certain distance from the pole
at the given point (4) on the given straight line (AB).

c

Fig 20

Take a cord of suitable length. Make a tie at both ends
and a mark at a proper point in it. Having fastened the
ties at the poles (4,B), stretch the cord sidewise by the
mark and fix a pole ((") at the point reached by it. Then
AC(' is the required straight line.

To construct a square harving o given side.

Method 1:

*In a bamboo-rod, make two holes (4,B) as much
apart as the height of the sacrificer with uplifted
arms! and a third hole () mid-way between them. Place
the bamboo-rod on the east-to-west line end fix poles in
the holes (beginning) from the western extremity of the
sacrificial place. Then freeing the two poles (C,B) on
the west, describe a circle (by rotating the bamboo) south-
east-wise by the hole at the (opposite) end. Then unloose-
ning the eastern hole and fixing the hole in the west (in

1 The square to be constructed is to have, in the present case, a
side of that length.
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its original position), describe another circle south-west-
wise by the hole at the opposite end. Now release the
bamboo (completely); fix again an extreme hole at the mid-
dle pole (C) ; place it towards the south over the point of
intersection of the two circles and fix a pole at the point
(F) reached by the outermost hole. Then fix at this pole
the middle hole of the bamboo and having laid it along
the extreme outer edges of the two circles,! fix two poles
(E,D) at the two (outermost) holes. It (the figure thus
described, ABDE) is a square (having a side) of one
purusa.’’ 2 (Fig. 21.)

A E
\\
C - e
B D
Faigr 21

Method 11 :

*“ If you wish to construct a square, take a cord as
long as its side is desired to be ; make a tie at both ends
and a mark at the middle. Then having drawn a
line (east-to-west) of the desired length, fix a pole at its
middle. Fasten the two ties at this pole and describe a
circle with the mark. Now fix poles at the both ends of
the diameter (running east-to-west). Having fastened one
tie at the eastern pole, describe a circle with the other

1 That is, the bamboo should be laid tangentially to both the
circles and the poles are to mark the points of contact.
2 Ap8l, viii (8-10)-xi (1).
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tie. Describe a similar circle about the western pole.
On joining the points of intersection of the circles, the
second (i.c., north-to-south) diameter will be found. Fix
two poles at the extremeties of this diameter. Now,
having fastened both ties at the eastern pole, describe a
circle with the mark. Similarly describe circles about
the southern, western and northern poles. The exterior
points of intersection of these circles will determine the
square.”’? (Fig. 22.)

——

T g 22
Method 111 :

‘“ Take a cord as long as the measure (to be given to
the side of the square) ; make a tie at both ends and a
mark at the middle of itself and of its two halves. Stretch
out this cord along the east-west line and fix poles at the
ties and marks. Then having fastened the ties at the two
poles of outer marks, stretch the cord towards the south
having taken it by the middle mark and make a point
there. Now fasten both the ties at the middle pole and
stretch the cord towards the south by the middle mark
over this point and fix a pole at the place reached.
Fasten one tie at this pole, another tie at the easternmost

1 BSl, 1. 22-28,
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pole, and stretch out the cord having taken it by the
middle mark ; thus will be obtained the south-easterh
corner of the square (required). Then freeing the tie
from the easternmost pole, fasten it to the westernmost
pole and again stretch the cord by the middle mark ; thus
the south-western corner will be determined. Similarly
can be determind the north-eastern and north-western
corners of the square.’’* (Fig. 23.)

LN o] B

s

W
F1e-R3.

Method 1V :

‘“ Take a cord two times the measure of the given
side of the square; make a tie at both ends and a mark
at the middle. With one half of this cord measure the
east-to-west (breadth) of the square. In the other half,
make & mark at a distance (from the western end) less
by its one-fourth. Let this mark be called nyafichana,
Make another mark at the middle of that half for the
purpose of (determining) the eastern corners. Having
fastened the two ties at the two extremities of the east-
to-west breadth, stretch the cord towards the south by
she nyafichana mark. Thus the two eastern and two

1 ApSl,i. 1.
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western corners of the square should be constructed by
the middle mark of the other half of the cord.”’! (Fig. 24.)

Fig 24

EW=u, the given side; AE=EB=DW=WC(C=a/2;
A'E=EB'=D'W=WC(C'=38a[4; ED'=EC'=WA'=WB/'=
Saf4.

Method V.

“Add to a cord as long as the given side its half
and make & mark at a distance (from the other end
of the added portion) less by its sixth part. Fasten
the ends of the (increased) cord at the extremities of
the east-west line and stretch it towards the south having
taken by the mark and put a sign at the point reached
by it. Do similarly on the north and again on both sides
after interchanging the ends of the cord. This is the
construction.’”’ 2 (Fig. 25.)

1 BSl, i. 29-85.
1 4pf1, 1. 2
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EW=a, the given side; AE=EB=DW=WC=a/2 ;
A'E=EB'=D'W=W('=5a/12 ; ED'=EC'=WA'=Wg =
13a/12.

The Method I is described in full by Apastamba.l It
is noted and partly described by Baudhayana.? This
seems to be the oldest Hindu method for the construction
of a square on a given straight line. For, the practice
of the measurement of the Firc-altar with the bamboo-
rod is mentioned as early as the Taittiriya Samhita (c.
3000 B.C.)® and indeed reappears in almost all the early

I Loc. e,

2 BSI, iii. 13f.

3 T§,v.2.5. 1.

In the oarly Swithité uud Brahmene is found a wmythological
relation between the Agn/ and the Vepu (‘‘ bamboo-rod ’’). Thus
Taittiriya Samhitd observes, ‘*He metes with & bamboo; the bamboo
is connected with Agoi; (verily it serves) to unite bim with his
birth place’ (v.2.5.2). The connection has been narrated in that work
thue : *‘Agni went away from the gods ;*he entered the reed ; he resorted
to the hole which is formed by the perforation of the reed.’” This
mythology reappesrs in the Maitrdyani Samhita (iii. 2. 4) and Sata-
patha Brahmana. The latter describes, ““Agni went away from the gods;
he entered into s reed, whence it is hollow, and whencs inside it is,
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Samhitds and Brihmanas.! It is found to have been
gradually replaced by the measurement with a cord
which was introduced about the time of the Satapatha
Brahmuna (c. 2000 B.C.).2

The Method II occurs only in the Buudhdyana Sulba.
1t is clearly based on the previous method and is indeed
a combination of four operations by it.?

Fig. 26

The Method III is taught by Apastamba * and Manu.’
The latter emphasizes that it should be exclusively used
in all cases of the construction of a square on a given

a8 1t were, smoke-tinged’' (v1.8.1.26); again ‘“Agni went away from
the gods. He entered into a bamboo-stem; whence that is hollow.
On both sides he made himnsell those fences, the knots, so as not to
be found out; and wherever be burnt through, those spots came to

be” (vi.3.1.1),
L MaiS, iii.2-4 ; KtS, xx.8'4; KapS, xxxi1.5.6 ; SBr.
2 SBr,x. 2.38 f.
3 Compare Biirk, ZDMG, lv, p. 547.
4 Loc. cit.
6

Masl, 1. 14-31 ; compare slso vii. 7 f.
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straight line.® This method is also applied by Katya-
yana.? It may be noted that the cord used in the course
of the construction is called in the Mdnava Sulba by
the technical name pasicingi (‘‘five-jointed ’’), because
it has five (pasica) joints (anga), viz., two ties and three
marks. The rope has been sometimes called pdtini
(‘“that which is laid out'’) because measurements are
-made by laying (pata) it out on the ground.

The Method IV is given by Baudhayana,® Apas-
tamba,* Katyayana,> Manu® and Maitrayana; and the
Method V by Apastamba’ and Katyayana.® It is also
taught by Baudhiyana.® He ' would, however, restrict
its application to the construction of a rectangle.

To construct « rectangle of given sides.

“If you wish to construct a rectangle, fix on the
ground two poles as much apart as you wish (the length
to be). On either sides (before and behind) of each of
these poles, fix two other poles at equal distances from it.
Take a cord as much as the breadth (of the rectangle);
make a tie at both ends and a mark at the middle. Having
fastened the two ties at the two poles about the eastern
pole, stretch the cord towards the south by the mark and
put a sign (where the mark touches the ground). Then
fasten the two ties at the middle pole and again draw the

Ibid, vii, 7.

KSr, xvi. 8. 1-20,

Loc. cit.

ApSi, . 3.

KS1, i. 12-3 ; compare also KSIP, 16
Madl, iii. 5 f.

Loc. cit.

KSl, i. 14-6.

BSI, 1. 42-4.

® o N e U o L, e
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cord over the sign towards the south by the mark andfix a~
pole at the mark. That is the south-east corner (of the
rectangle). Thereby is explained (how to determine) the
north-east corner and also the two western corners.’’ ?
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This method is alike in principle to that em-
ployed by Apastamba and Manu for the construction of a
square on a given straight line (Method I1I). Still Baudha-
yana would restrict its application to the construction of
arectangle having given sides and of an isosceles trapezium
having given face, base and altitude.

To construct an isosceles trapezium of a given altitude,
face, and base.

To construct a trapezium whose altitude, face and base
are given, Baudhayana 2 follows a method similar to the
one adopted by him for the construction of a rectangle of
given sides. Only cords of given different measures are
employed for fixing the extremities of the face and base.

1 BSI, i.86-40.
3 BSI 141,
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The methods suggested by Apastamba for the same
purpose will be understood from those adopted by him for
the comstruction of the Mahdvedi. The shape of the
Mahdvedi is prescribed by tradition to be an isosceles
trapezium whose altitude is 36 pada (or prakrama), face
24 (units) and base 30 (unmits). Apastamba gives four
methods for its construction. All of them are in prineciple
the same. It is to draw a straight line through both the
extremities of another straight line equal to the given
altitude and at right angles to it. Along these straight
lines and on other sides of the altitude are measured
lengths equal to half the given lengths of the face and
the base. And thus the isosceles trapezium is drawn.
Apastamba distinguishes between his different methods as
Ekarajjvaviharana (‘‘ The method of construction with
one cord '’) and Dvirajjvaviharana (‘* The method of con-
struction with two cords’’).

Method [ :

““ Add to a cord of 36 (pada or prakrama) 18 and make
a mark at 12 and a mark at 15 from its western end.
Having fastened the ends of the cord to (the two poles at)
the two extremities of the east-west line (of 36 pada)
stretch it towards the south by taking by the mark at 15
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and fix a pole (at the point reached by the mark); (proceed)
similarly towards the north. These poles are the
two western corners of the vedi. For (determining) the
two eastern corners, interchange (the ends of the cord)
and then stretching it towards the south by the mark at
15, fix a pole at (the point reached by) the mark at
12; (proceed) similarly towards the north. These are the
two eastern corners. This is the method of construction
with one cord.”’1 (Fig. 28.)

Method II:

‘ The diagonal of a rectangle whose sides are 3 and 4
(pada or prakrama) is 5. With these increased by three
times themselves (are determined) the two eastern corners
of the vedi. With them increased by four times them-
selves (are fixed) the two western corners.”” 2 (Fig. 29.)

A_ P
2 3%+ 42=52
B, |~
N 3+8.3=12 12 4162 =202
A 4+8.4=16
4 \
R IR 5+8.5=20
ll 9‘3\\
4 8
L | as 3+4.3= 1524202 =252
i < ¢ j+4.3=15 +
444.4=20

Method I11:
‘“ The diagonal of a rectangle whose sides are 5 and 12,
is 13. With them the eastern corners of the vedi (are

Apst, v.2.
ApSiiv.3.
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det ermined); and with them increased by twice themselves
the western corners (are fixed)''! (Fig. 30.)

524128 =132

5+2.56=15
124-2.12=36
1342.13=389

152 4+362 =892

Fig. 30

Method IV :

‘‘ The diagonal of a rectangle whose sides are 8 and 15,
is 17; with these cords, the two western corners of the
vedi (are measured). The diagonal of a rectangle of sides
12 and 35 is 387 ; with these cords, (are measured) the
eastern corners.”’? (Fig. 31.)

824152=172
1224352 =37%
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2 .

Apastamba observes: ‘ These are the known methods .
of construction of the (Saumiki) vedi.”’ !

To construct ¢ parallclogram having given sides at a
given inclinalion.

For the proper construction of an altar of prescribed
size and shape, it was sometimes necessary to make bricks
of the shape of a parallelogram having given sides at a
given inclination. For instance, Apastamba says:

‘ Make a class of bricks, one-fifth of a purusa long and
one-ninth of a puruga broad, (the two sides being) inclined
{natc) suitably so as to fit (yathd-yagam).”’?

The reference in the end of the rule is to the bent of
the wing of the falcon.shaped altar where these bricks
shall have to be used. Thibaut observes: ‘‘ By ‘ nata,
bent’ the siitrakara means to indicate the sides of the brick
bo not form rectangles. The shape of the brick is rhom-
doidical, the angles, which the sides form with each other
are the same which the wings of the §ycna form with the
body.’’3

Apastamba does not expressly teach us how to con-
struct a parallelogram of that shape. But it could be
inferred from the method laid down for the construction
of another parallelogram. He says,

*“ (Construct) bricks for the wing with four sides: two
sides one-fourth purusa each and two sides of one-seventh
purusa.’’4

By the expression paksestaka (** brick for the wing ')
is implied that the inclination between the two contiguous
sides of these bricks must be the same as the bending of

! ¢ Etavanti jfieyani vedi-viharanani bhavanti ''—dApSl, v.6.
* ApSl, xvi.2.

* Thibaut, Sulvasutras, p. 31.

+ ApSi, xix.5.
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the wings where they are to be used. Now the bending
of a wing has been defined thus:! Describe a rectangle
ABCD of breadth (AD) equal to 1 purusa and length (4B)

N
A B
> P
L8 /
De M C
Figr. 32

2 purusa. Draw MN bisecting DC and at right angles
to it. Draw DP one purusa long meeting MN at P. Cut
off PN equal to DP. Draw NA, NB, PD, PC. This will
give the bending of the wing.

Apastamba teaches the following method for comstruc-
tion of the above paksestaka :

‘* Construct a rectangle (ubcd) of length (aD) equal
to one-fourth of a purusa and breadth (Dc) equal to
one-seventh of the side (DM) of (half) the wing; by the
slanting side (DP) the mouth of this rectangle should be
changed so that the sides (Df and ae) might be bent to the
one-seventh of the slanting side of the wing (DP).’’ 2

Thus we have the required parallelogram acfD whose
sides aD), fe are equal to one-fourth of a purusa each and
sides fD, ae are each equal to one-seventh of a purusa and

they being inclined as specified.

Vo (f. ibid, xviii. 6-8,
3 ApSi, xix.8,
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1t should be particularly noticed that in the above the -
inclination between the two sides of the parallelogram to
be constructed or between any two lines in general is not
stated in terms of angular units (though the conception of
such is not wanting in Hindu astronomy) but in terms of
the relation between the sides and diagonals of a certain
rectangle along which the two given lines would lie.

Apastamba gives also a slightly different method of
constructing a parallelogram. ' He says:

“ Draw a rectangle one-fifth of a purusa long from east
to west, and one-tenth of a purusa broad ; to the south as
well as to the north of it draw another (rectangle of the
same size). Draw the diagonals of them passing through

X3!

their south-western corners.

Fig 33

Trom this we can easily guess the method that was
generally followed in the Sulba for the comstruction of
« parallelogram having given sides at a given inclination.
Let A, B represent the given sides and the inclination be
the same a8 that between the diagonal PR and the side

Ibid, xvi.8,
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AB B D B D
£ R .
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<
P & ¢ P’ c’
g 34

PQ of the rectangle SRQP. Now draw the rectangle
EDCP similar to the given rectangle such that its diagonal
PD be equal to the given side B. Then draw the rect-
angle DE'P'C so that its side CP’ be equal to the differ-
ence between 4 and PC. Now draw the rectangle E'D'C'P’
equal to the rectangle EDCP. Join D'P'. Then DID'P'P
is the required parallelogram. The Fig. 84 answers to the
case when A>PC. In case A<PC, the rectangle DE'P/C

’ 7

AB B E D D

¢ ‘

P P c c
Fign 35

should be drawn so0 as to overlap the rectangle EIDCP. (Fig.
35.)




CHAPTER VI
COMBINATION OF ARFAS
To draw a square equivalent to n times a given square.

The solution of this proposition practically depends
upon the construction of squares and rectangles having
given sides. By the so-called Pythagorean Theorem, the
square described on the diagonal of the given square will
have an area twice as much. To draw a square thrice as
much as the given square, the rule is:

““ (Construct a rectangle whose) breadth will be the
measure (of a side of the given square) and length its
double-producer (i.c., diagonal). The diagonal of that
rectangle is the treble-producer.’’!

By repeating the operation and constructing each time
a rectangle whose one side will be equal to a side of the
given square and another side equal to the diagonal of the
rectangle constructed at the preceding stage, we shall
finally arrive at one, the square on whose diagonal will be
equivalent to n times the given square. This method is
taught by almost all the writers.

Oftentimes the process can be much shortened by a
skilful device. For instance, if n happen to be a square
number, equal to p2, say, then the desired result will be
obtained by drawing the square on a straight line p times
a side of the given square. Thus Katyayana observes:

‘“ Twice the measure (of a side of a given square)
is (its) fourfold-producer ; thrice the measure is the
ninefold-producer ; four times the measure is the

v BSL i, 46 ; Apsy, ii. 2 ; K&, ii. 14.



792 : MULTIPLE OF A SQUARE

sixteenfold-producer. As many units of a measure as
are in a cord, so many rows (or series) of squares (of that
measure) there will be in a squarc on that cord as a side.
' Combine them.”’!

If n is not a square number, simplification can be made
by expressing it, when possible, as the sum of two square
numbers. Thus if

n=p?+q?
where p, q are rational quantities, then if r denote a side
of the required square and c a side of the given square,
we shall have
x2=(pc)2+(qc)2=(p2 +¢2)c2=nc?.

Se that with one construction only, we shall get a square
n times the given square. Katyiyana has given some
instances of this kind. He says:

*“ (If arectangle be drawn with) one pada (a unit of
linear measure) as the breadth and three padas as the
length, its diagonal will be tenfold-producer. (If a rect-
angle be drawn with) two padas as the breadth and six
padas as the length, its diagonal will be fortyfold-
producer.’’?

The first of these instances occurs also in the Manava
Sulba.® Similar instances are also found in other works.

A simplification is also possible even if n is expressible
as a multiple of a square number, though not as the sum
of two square numbers.

Kityiyana gives another very clegant and simple
method of finding a square equal to the sum of a number
of other squares of the same size. He says:

* As many squares (of equal size) as you wish to com-
bipe into one, the transverse line will be (equal to) onme

1 K8, iii, 6-9 ; compare also Ap§), iii. 6-7.
2 KSI,ii. 89,
3 MaSl v. 4-5.



KATYAYANA’S METHOD 73

less than that ; twice a side will be (equal to) one more
than that ; (thus) form a triangle. Its arrow (i.c., alti-
tude) will do that.’’!

am-)/2 a(n-)/a
B D c

heg 36

That is, if n be the number of equal squares to be
combined together into one, form the triangle ABC whose
base BC is of length (n—1) times a side of a square and
twice the sides AB and AC of which are severally equal
to (n+1) times a side of a square. The method of draw-
ing the triangle, which will be consistent with the geo-
metrical methods of the Sulba is this: Draw the line B(
of length (n—1) times a side of a square. Fix two poles
at B and C. Take a cord of length (n+1) times a side of
a square. Fasten its two ends at the two poles and
stretch the cord sidewise having taken it by the middle
point. Let 4 be the point reached. Bisect BC at D and
join AD. Then the square on AD will be equivalent to

1 ¢ g g gRTR@ataY fadesimia arfv wafe
fad_feqer@wa wmfawtr arfevats, a@geqsQft1” —Ksl, vi. 5.

Compare also the Parifigta, verses 40-1.

10
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the sum of n given squares. I'or

AD2=AC2-DC(?,

N 2 — 2
- n+]) (12_(71 ]) a2,
2 2
=na2,

To draw a square equivalent {o the wnth part of a
given square.

After describing the method of drawing a square

equivalent to 3 times a given square, Baudhiyana
observes :

“ Thereby is explained the generator of the third part
(trtiyakarani of the square). It is the ninth part of the
area.”’!

Similar remarks occur also in the works of Apastamba
and Katyayana. The former says,

‘“ Thereby is explained the generator of the third
part. Division into nine (parts).”’ 2
and the latter,

** Thereby is explained the generator of the third part.
Division of the given measure into nine parts.”” 3

The commentators disagree about the method actually
implied in the above rules. According to some,* it is
this: Find a square equivalent to three times the given
square. Then divide a side of this square into three equal
parts. A square drawn on any of these parts will be
equivalent to one-third of the given square. For, on
drawing parallel lines through the points of division, the
second square will be divided into nine (square) parts.
Hence each part (square) is equal to one-ninth of it and so

1 BSl, i. 41.

2 ApSl, ii. 3.

3 K81, ii. 15-6.

4 For instance, Kapardisvami, Sundararija, and Réma.
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to one-third of the given square. According to others,!
the method is this: Divide the given square into nine
equal squares. Combine three of these squares into one.
And it will be equivalent to the third part of the given
area. Some ? are of opinion that both the methods are
implied by the text.

Both the interpretations are valid inasmuch as they
produce the correct result. Thibaut prefers the first
interpretation as it preserves in a better way the con-
nexion of the above rule with those just preceding.
But the Sulbakaras appear to have implied both the
methods. Katyayana’s rules following those noted
above are :

*“ The third part of the side (of the given square)
produces thc ninth part of it. Three of these ninth
parts (on combination) will give the generator of the
third part {of the given square).”’?

Again this is the method adopted by Baudhayana in
constructing the Paitrki-vedi which is square in shape
and is equivalent to one-third the square on a side
18 padas long.* Further he has expressly adopted both
the methods in measuring the Suulramaniki-vedi.?

Proceeding in the same way we can find in general
a square equivalent to the nth part of a given square.
Lither: First find a square equivalent ton times the
given squuare. The square on the nth part of a side of
this square will be equivalent to the nth part of the given
square. Or Divide a side of the given square into =
cqual parts. On drawing parallel lines through the points
of division, the given square will be divided into n? equal

1 E.g., Dvarakanatha Yajvi.
2 Karavindasvami.

3 KSI, i, 178

* Vide infra, p. 981.

s BSr, xix. 1,
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square parts. The square combining n of these elemen-
tary squares will be equivalent to the nth part of the
given square.

The whole process will, of course, be much simplified
if n be a square number, equal to p2, say. For in that
case we shall have simply to divide a side of the given
square into » equal parts. The square having one of these
‘parts as & side will be equal to nth part of the given
square. Katyiyana furnishes us with some instances of
this kind : '

‘“ By means of half the mecasure (of the side of a
given square) is obtained a square equivalent to the fourth
part (of the given square); by one-third the measure is
obtained (a square equivalent to) the ninth part; by
one-fourth the measure is obtained (a square equivalent
to) the sixteenth part.”’!

Similar instances are also given by Apastamba.?

To draw a squure equivalent to the sum of two different
squares.

Baudhayana gives the following method of solution
of this proposition :

P A il B
D E C
Fig 37

I KSI, . 1u-11.
2 ApSl, iii, 10.
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“ To combine two different squares, cut off from the
larger a (rectangular) portion with a side of the smaller
one, The diagonal of this segment will be a side of the
sum.”’!

The same method is also taught by Apastamba 2 and
Katyayana.®

Let ABCD be the larger square and P a side of the
smaller. Cut off AF and DE making each equal to P,
and complete the rectangle AFED. Join AE. Then

AE2=AD2+ DE2=AD2 + P2,
The proof of this proposition will be evident from the
Fig. 38 which, in fact, simply represents the complete
constructions taught in the Sulba.

K
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QABCD + 0 CGHI=AADE + £ AEF + AFEGH +~ ~AEHJ
+0OBIJF,
= AABK + AAEF + AHIK + nEHJ
+0OBIJF,
=0AEHK.
Or .JAD2+P2=412, gsince (( =P

1 BSI, Q. 5. ApSi, ii. 4. : 3K, i 22,
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To draw a square equivalent to the difference of two
different squares.

For the solution of this proposition, Baudhayana! and
Apastamba ? give the following rule:

‘“ To deduct a square from a square, cut off from the
larger & (rectangular) segment with a side of the square
which is to be deducted. Then draw a longer side of
this segment diagonally across to the other longer side ;
and where it falls (on the other side), cut off that portion.
By this cut-off portion the deduction is finished.’’

P A B B
e H

D 1) c
Fi1039

Let ABCD be the larger square and P a side of the
smaller square to be deducted from it. Cut of AF and
DE making each equal to P. Join FE. Draw FE by the
extremity F so that it fallson AD at . Join GE. Then

(iD2=(GE2-DE2=AD2—- P2,
This method is also taught by Katyayana.®

1 B3I, i. 51.
2 Apsl, ii. 5.
8 K81, il 1.
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The proof of this proposition will appear on completing
the constructions indicated in the Sulba. The square

v
’

] )

’
’

1
Fig. 40

o
Wie

(GEPQ, which is equal to the square ABCD, is comprised
of four rightangled triangles each equal to GMQ and of
the square HKLM, Therefore

GEPQ=GDEH+ DRLN + HKILM,
=GDRM + DEKN,
GDEM=ABCD-DERN,
or ((D2=AB2—-DE 2

Apastamba has given a demonstration of the above
rule together with an illustrative example : A

‘“ The side drawn cross becomes the diagonal (of. a
certain rectangle). Let it be the generator of the four-
fold (of a certain square). It produces (a square equal
to) both the squares which are produced separately by
the cut-off portion (of the opposite side) and the other
side (i.e., the shorter side of the rectangular segment
of the larger square or the side of the other square),
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1f the other side be vne purusa, the remainder will be
three square purusas ; it has been stated (before).’’}

For the construction of a Fire-altar of proper size and
shape, it is also necessary to know how to combine into
a square figures of other kinds; e.5., & square and a
-rectangle, two rectangles.? No specific rules for this
purpose are found in the Sulba-satra. Hence it follows
that such combinations shall have to he made with the
help of the methods taught. Thus figures of every other
kind are first transformed into squares and they are then
combined into a square by the methods just deseribed.
This method has indeed been taught by Katyiyana for
the combination of triangles and pentagons.

To draw a square equivalent to two given triangles.

After describing a method for the transformation of
an isosceles triangle or arhombus into a square, Katyiyana
observes: ‘‘ By this is explained the combination of
triangles.’”” That is, the triangles and rhombuses to be
combined should first be transformed into squares sever-
ally and the sum or difference of these squares is then
found by the methods already explained. The final result
can, of course, be putin the shape of a square, rectangle
or triangle as required.

To draw a square equivalent to two given pentagons,

Katyayana has also indicated a method for the com-
bination of pentalaterals (paiicakarpa):

‘“ By this is also explained a method for the combina-
tion of pentalaterals too. Break up a pentalateral of

1 Aps8l, ii. 6.
2 Cf. ApSl, zxi. 8.
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equal angles into isosceles triangles; and break up a penta-
lateral of unequal angles into squares.’’?

g 42 18 43

The latter part of this rule appears rather to be
obscure. How to break up an irregular pentagon into
squares ? Mahidhara has failed to grasp the matter
accurately and hence made a worse confusion.?2 I think

1 K8, iv. 8,

2 Mahidhara has once explained ekakarna="*one triangle,”” doikarna
="' two triangles,”” trikarna="‘ three triangles’’ and paReskarna=
*‘ five triangles.”” Later on he says ekakarna means ‘‘ equal angles ™’
and dvikarne * unequal angles.’' His former interpretations are
certainly wrong. If Katyaysna had indeed meant ‘‘ five triangles ™’
by the term paiicakarna, what did he mean by the rule, ** Paficakarna-
néfice praiige apacchidyaikakarpindm dviksrnanam samacaturasre
apacchidya.’’ [ Break up paiicekarnas of ckakarna (variety) into
isoaceles triangles and break up paiicekarnas of dvikarne ‘variety) into
squares ?’']

11
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Katyayana has in view a pentagon of the shape ABCDE in
which CP=PD=AM and BC=MP=ED=CP/[2 (Fig. 42);
or in which CP, PD, AM, BC, MP, ED are all equal
(Fig. 48). We find description of bricks of these shapes
in the Sulba of Baudhayana ! and they are ordinarily
called fharnsamukhi (‘* of the shape of the mouth of a
goose ’’). Obviously a pentagon of that kind can be
easily transformed into two or three squares of equal size.
So that by combining the transformed squares we can
find a square equal to the sum or difference of two or

more pentagons.

BSl, iii. 68, 288 ; compare also iii. 291-2.



CHAPTER VII

TRANSFORMATION OF AREAS

To transform a rectangle into a square,

For this purpose Baudhayana gives the following rule:

*“ If you wish to transform a rectangle into a square,
make its breadth as the side of & square ; divide the re-
mainder into two parts and changing the place (of the
farther one of them) and inverting, add it on the other
side of the square. Then adding a (square) portion, fill
up that (the empty space in the corner). It has been
taught (before) how to deduct it (the added square from
the full square thus formed).’’!

Let it be required to change the rectangle ABDC into
a square.

B
& - P
N
E FIH
\
c D &
Fig 44

From thelonger side AC cut off a portion CE equal to
the breadth CD of the rectangle. Complete the square
CDFE. Divide the remaining part ABFE of the given rect-
angle into two halves by the line GH. Take the remoter
half ABH@G and place it after inversion on the other side
of the square CDFE in the position DG'H'F. Complete

1 B8, i. 68.
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.
the square CGPG’/, by adding the portion HPH'F,
The given rectangle is easily found to be equal to the
difference of the two squares GPG'C and HPH'F. This
difference can be found by the method taught before. That
is, draw a circle with centre G’ and radius G'P cutting
DH at M. Draw MN perpendicular to G’P. Then
G'N2=GF'M2-MN2=G'P2—-HP?2
8o that G'N is the side of the square which is equivalent
to the given rectangle ABDC.
The same method is taught also by Apastambal and

Katyayana.?2 The latter is a little more explicit than the
other, He says:

¢ If you wish to transform « rectangle into a square,
cut off (from the rectangle a square por-
tion) with  its shorter side. Divide the other portion
into two parts. Take the farther portion on the east and
add it on the south (of the square portion). Complete the
(square) figure by introducing a (small square) piece. The
method for its deduction has been taught.”’

Katyayana suggests a different procedure for the trans-
formation of a rectangle whose length much exceeds its
breadth :

If (the rectangle be) very long, cut it again and again
(into squares) by the breadth ; combine these squares into
one square ; add to this the remaining portion (of the rec-
tangle) after transforming it suitably.’’ 3

A P }? B
o E e ¢
Fig. 45

1 Ap8, ii. 7. 2 K81, iii, 2, 3 Ibid, iii, 3.
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?

This is certainly no improvement, on the other method.

It will, in fact, require more operat%ns to complete the

desired transformation. The first method is very general

and is equally available for all cases of transformation of
a rectangle into a square.

To transform a square into a rectangle.

Baudhiyansa gives the following rule for transforming
a square into a rectangle:

¢ If you wish to transform a square into a rectangle,
divide it by the diagonal. Divide again one part into
two, and add them suitably so as to fit the two sides (of
the other half).’’!

" A
B R D
& [ o

Fig 4

The same method is also taught by Katyayana.2 This
method is much circumscribed inasmuch as it transforms
the given square into a rectangle in which the length is
double the breadth and is itself equal to the diagonal of
the given square.

To transform a squarc into a rectangle which shall have
a given side.

To transform a square into a rectangle which shall
have a given side, Apastamba gives the following rule:

‘ If you wish to transform a square into a rectangle,

1 B8, i. 52. ¢ K81, iii. 4.
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)
(cut off from it a rectangular segment) by making a side
as long as you wish (a side of the transformed rectangle
to be). What remains in excess, should be added (to the
former) as suitably as to fit.’’?
A similar rule is given also by Baudhiyana:

““ Or else if the square is to be transformed into (a
rectangle) of this (i.c., one specified) side, cut off (from
the square) a segment by that side. What remains in
excess should be added along the other side.’’?2

The latter portion of both the rules is obscure inas-
much as the operations to be ¢mployed have not becn ex-
plained fully. They were doubtless handed down by oral
tradition.

Thibaut,? followed by Burk,* thinks the method im-
plied to be this: Let the side of a given square be 7
units long. It is to be transformed into arectangle whose
one side will be, say, 5 unmits long. Cut off from the
given square a rectangle of 5 by 7 units. Therc will then
remain in excess a rectangle of 7 by 2 units. From this
cut off a rectangle of 5 by 2units and add it properly to
the other portion. Then remuins a square of 2by 2 units.
Change this into a rectangle of 6 by 4/5 units and place it
by the side of the previous rectangle so as to fit. Thus
we have finally a rectangle of 5 by 49/5 (=7+2+4/5)
units.

This explanation is doubtlcss wrong. For at the final
stage it begs tho originul problem itself. If the Sulba
writers had really intended a simple arithmetical operation

1 Ap$l, iii. 1.

2 BS/, 1. 53. Thibaut’s reading of the beginning of this sdtra is in-
correct. It should be %Y aﬂf%mﬂ'{ﬁ' not wfq iafw'vgra'
The former reading is given by Caland in his edition of the Baudhayana

Sraute Sutra and slso appears in my copies of the Baudhdyane Sulba.
3 Sulba Sutra, p. 20.

¢ ZDMG@G, LVI, p. 334.
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to be followed at the final stage of their method, as is
supposed by Thibaut and Biirk, they could have, and
very likely would have, directed to adopt it at the preli-
minary stage, without taking recourse to any kind of geo-
metrical operations at all. The method of Apastamba and
Baudhayana was of course geometrical, not arithinetical.!

According to the commentators Sundararaja and
Dvirakanatha Yajvi, the method implied is similar to
this:

‘* Produce the northern and southern sides towards the
east as much as you wish (a side of the transformed rect-
angle to be. Complete the rectangle and) draw the diagonal
passing through its north-eastern corner. (Find the point)
where it cuts the transverse side of the (given) square
lying inside that rectangle. Leave off the portion of that
side lying to the north of that point and make its southern
portion the breadth of a rectangle. That will be the rect-
angle (required).’’2

1 It may be noted that Thibaut has discarded on a different occasion
certain arithmetical interpretation of a rule of Baudhdyana by Dvaraka-
nitha Yajva with the remark, ** The commentary instead of showing how
the desired end could be attained by making use of the geometrical con-
structions taught in the paribbhasha satras, employs arithmetical calcula-
tion ; but this was of course not the method of the s@trakdra.” (Pandit
0.8, X, p. 73.)

Similarly Biirk remarks about certain explanation of the commentator
Bundarardja : ‘‘ This explanation of jfleyu is incorrect...because the
Sulbasiitra deals with geometrical construction, and not with * numeri-
cal calenlation.” In commenting jfieyd from the standpoint of arithmetic,
the commentator falls into a similar error as disclosed by Thibaut in
another case (JASB, XL1V, 272)."" (ZDMG, LVI, p. 829.)

' “grafeeg qriwmn st atfren owogst sl ARy a1 Y-
wateweETgt gRyguefadE At av freafa @@ ew fean zfewis-
fodrewrht’ gdmy . afrewgee’ wafa 1
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Let ABCD be the given square and M the given length
which is greater than a side of the square.

™ B_H F

A P B

N\
Ll N

D a c
Fig. 47

Produce DA and CB to E and F respectively so that
DE=CF=M. Join EF and complete therectangle EF('D.
Draw the diagonal EC cutting AB at P. Then PB will be
the breadth of the transformed rectangle. Through P draw
the straight line HPG parallel to ED or F('. Then HF('G;
is the rectangle which is equivalent to the square ABCD
and whose side CF is equal to the given length M. For

AEFC=aEDC,
AEHP=AEAP,
APBC=APGC.
parallelogram HFBP =parallelogram APGD.

Hence parallelogram HFCG =squarc ABCD.
Q. E. D.

Biirk was led to suspect whether the method cxplained
by the commentators was indeed in view of the Sulba-
karas and to discard it ultimately for the simple reason
¢“ that this method is so scientific.”” Thibaut has not
directly assigned any reason for his rejection of the inter-
pretation of the commentators. He seems, however, to
have been led by an observation of Dvarakanatha Yajva
anyacca prakarak (** Also another method *’) which just
precedes his delivery of the method. But the preliminary
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remark of Sundararaja is ayamatre prakarah [‘‘ This is -
the method (taught) here].”” The rule has been formula-

ted by the two commentators in identical words. So

one has doubtless copied from the other. Difference in the

preliminary remark may be explained thus: Sundararija

explains the method just after the above rule of

Apastamba which is its proper place. But Dvarakaniatha

Yajva gives it under the imperfect method of Baudhiayana

for the transfocrmation of a square into a rectangle

which precedes his perfect rule stated above. So it was

very natural for him to remark that it is ‘‘ another
method.’’

Why Dviirakaniatha Yajva explains the method at a
place other than what is proper for it seems very probably
to be this. The process as defined in the rules of Baudhi-
vana and Apastamba does not begin, as has been already
pointed out by Biirk, with the construction of a greater
rectangle (EFCD in Fig. 47) as required in the above expla-
nations of the commentators. But it begins very clearly
to cut off from the given square a smaller rectangle
(ABFE in Fig. 48). Or in other words the explanation
of the commentators has in view the case in which the
given length is greater than a side of the given square,
whereas the rule of the Sulbakiras has in view the case
in which the given length is smaller than = side of the
given square. So Dvirakanatha Yajva was not wrong
in calling the method described by him to be a different
one. This case was treated under the unsatisfactory rule
of Baudbayana undoubtedly as a sort of modification and
improvement of it. The case of the Sulbakdra has been
explained by him in its proper place under the succeeding
rule.

The geometrical process in the case that was in view
of the Sulbakaras is this: From the sides #D and BC of

12
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the given square ABCD cut off AE and BF respectively, !

M A B _H
E G
D c P
Fig 48

making each equal to the given length M which is smaller
than a side of the given square, Join AF and produce it
to meet DC produced at P. Complete the rectangle
ADPH. Produce EF to meet HP at . Then AHGE is
the rectangle which is equivalent to the square ABCD and
which has a side AE equal to the given length M. The
proof is similar to that given before.

On one occasion Baudhayana makes a rectangle equi-
valent to three given squares, one side of the rectangle
being half of a side of a square.? This case is a very
simple one indeed, but it shows that he knew other methods
of transforming a square into a rectangle than that indi-
cated in his imperfect rule.

To transform a square or a rectangle into an isosceles
trapezium which shall have a given face.

Baudhay ana gives the following rule for the transfor-
mation of a square or a rectangle into an isosceles
trapezium, or for what they call ‘‘ shortening of a square
or a rectangle on one side.”’

1 We cut off lengths equal to M from the sides AD and BC of the
given square but not from the sides AB and CD, because the rule clearly
directs that the given length M should be made the parévamani of the
rectangle cut offy

2 BSI, iii. 256.
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‘* If you wish to make a square or a rectangle shorter
on one side, (cut off u rectangular portion) by making the
shorter length a side. Divide the remainder by the diago-
nal and place (the two portions) on either sides (of the
portion cut off) after inverting.’’ !

~ v B P
& o F ¢
Fi12. 49

Let ABCD be a given square and P a given line which
is shorter than AB. From AB and DC cut off AE and DF
respectively making each equal to P. Join EF and EC.
Take the triangle ("BE and place it after inverting in the
position ADG. Then AECG is the isosceles trapezium
which is equal to the given square ABCD and whose face
AE is equal to the given length P.

We find a nearly similar rule in the Satapatha Brdh-
mana.® Let ABCD be a rectangle. Take AE=FB=

A H D

F B c a
Fi1g &0
DH=(CG. Then itis said that the trapezium EFGH is

1 BSI, i, 56.
2 §Br,x.2.1, 4«
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©
exactly equal to the rectangle ABCD. This method
reappears in the Apastamba Sulba.l

To transform a squarc or a rectangle into a' iriangle,

* If you wish to transform a square or a rectangle into
a triangle, construct a square whose ares will be twice as
much as the area of the figure (to be transformed). Fix
& pole at the middle of its eastern side. Having fastened
at it two ties (of two cords), stretch the cords towards
the two western cormers. Cut off the portions lving
bevond these cords.”’ 2

D ‘ c
Fig. 51

Let P be the given rectangular figure to be transform-
ed. Draw the square ABCD so that its area will be
twice that of P. Let M be the middle point of AB. Join
MD and M('. Then the triangle MCD is equal to the rect-
angular figure P. For each is cqual to the half of the
square ABCD.

To transform an isosceles triungle into « square.

““ If you wish to transform an isosceles triangle into a
square, cut off its northern half by the middle line ; then
place it on the opposite side after inverting, By the
method of constructing a square equal to u rectangle,

1 ApSl, xv. 9.
2 BSI, i. 56,
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L
construct the square. This is the method of construe-

tion.”’ !

A &
c D B
g 52

Let ABC be an isosceles triangle. Draw the median
AD, Take the half AD(' and place it after inversion in
the position R(GA. Then the rectangle AGBD is equal to
the isosceles triangle AB(". Now transform the rectangle
AGBD into a square by the method given before.

To (ransform a squarc or a rectungle into a rhombus.

“If vou wish to transform a square or a rectangle into
a rhombus, construct a rectangle which shall have an area
twice as much as the area (of the figure to be transform-
ed). Fix a pole at the middle of its eastern side. Having
fastened at it two ties (of two cords), stretch the cords
towards middle (points) of the northern and southern sides
(of the rectangle). Cut off the portions lying beyond (these
cords). Thereby is also explained the construetion of the
other triangle.”” 2

Tet P be a rectangular figure. Draw the rectangle
ABCD so that its aren will be double that of P. Let G,
H, E, F be the middle points of the sides AB, BC, (D,

L K8 iv. 5.
2 B§l, i. 57,
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A \ () B
P F H
D E c
o~
Fig. 58

DA respectively. Join GH, HE, EF, FG. Then the
rhombus GHEF is equal to the rectangular figure P.

This method is taught by Baudhayana, Apastamba!
and Katyayana.2

To transform a rhombus into « square.

Katyayana observes:

‘“ If it be the case of (transformation into a square of)
a rhombus, bisect it by its transverse middle line. Then
construct as before.”’

That is, the rhombus is first divided into two isosceles
triangles by drawing a diagonal. The triangles are then
transformed into squares by the method given before.
Finally, the two squares are combined into one square.

U ApSl, xii. 9.
2 K8l iv. 4.
3 Ibid, iv. 6.



CHAPTER VIII

AREAS AND VOLUMES
The unit of area is defined by Apastamba thus:

‘“ By means of a measure is produced a measure.’’!
That is, the unit of surface measure or area is the area
of a square on a side of unit length.

In the Sulbe we find express rules for the mensura-
tion of squares and isosceles trapeziums only. It is cer-
tain that mensuration of certain other elementary figures,
such as triangles and rectangles, was also known in that
time. The area of the circle was only roughly approxi-
mate. Other kinds of rectilinear figures, particularly the
Fire-altars of various shapes enumerated before, were
used to be mensurated by breaking them up into elemen-
tary triangles, squares and rectangles.

The mumber of square units in the area of a square is
obtained by multiplying the number of lnecar units in a
side by itself.

Apastamba and Kityayana state :

‘* As many units of « measure as are in a cord, 8o
many rows (or series) of squares (of that measure) there
will be in a square on that cord as a side.”” 2

Fig 54
v ApSy, iii. 4. T ApSl, iil, 7; KSY, iii. 9.
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This result was of course generalised, so that the area
of any square was used to be caleulated by multiplying
its side by itself. .

The number of square units in the area of a reclangle is
obtained by wmultiplying together the numbers of linear
units in the length and breadth of the rectangle.

Punits

>

qunits
Bt
I

Fig. 55

Let ABCU be a rectangle whose length AB contains
p units and whose breadth AD has ¢ units. On dividing
AB and AD and drawing parallel lines, it is found that
the rectangle ABCD is divided into pq upit squares.
Therefore its area is pg units of area.

It should be noted that we do not find in the Sulba
any explicit rule for the mensuration of a rectangle. But
there is no doubt that it was used to be done in the above
way. Similarly from the method of constructing the
ubhayi bricks (Fig. 7) which are of the shape of & scalene
triangle, and of the parallelograms (I'igs. 32-5 ; cf. also
Fig. 14), it is clear that the following formulae also were
known :

Arca of a triangle =% (base) x (altitude),

Area of a parallelogram = (base) x (altitude).

The area of a trapezium.

How to find the area of a trapezium has been demon-
strated by Apastamba in the course of determination of the
area of the Mahdvedi which is of the shape of an isosceles
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trapezium whose altitude, face and base are respectively -
36, 24 and 30 padas (or prakramas). He says:

. The Mahavedi measures (in area) one-thousand less
twenty-eight (square) padas. Draw a straight line from
the south-eastern corner (of the vedi) to a point 12 padas
towards the south-western corner. Place the portion
thus cut off on the other (i.c., northern) side of the wvedi
after inverting it. It (the Mahdvedi) will then become a
rectangle. After that construction the area will be
apparent.”’ 1

I ]
.

Fig 56
Let ABCD be the isosceles trapezium. Cut off
WH=EB. Join BH. Place the triangle BHC after
inversion in the position DGA. Then, the rule says, as
is also obvious,

The area of the trapezium ABCD

= the area of the rectangle GBHD,
DH x BH,

${ (A1B+DC)x BH,

= } (face+base) x altitude.

I

This result also follows at once from the method indicated
in the Safapatha Brahmana and by Baudhayana for the
transformation of a square or a rectangle into an isosceles
trapezium,®

1 ApSi, v. 7.

2 Vide supra, p. 90f.

13
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A

Figures with « given arca.

For the construction of an altar of proper size and
shape, as prescribed by the Holy Secriptures, it is sorpe-
times necessary to describe a rectilinear figure having a
: given area. For instance, it is prescribed that the wvedi
of the Pitryajiia must be a square of an area equal to
one-ninth of that of the Mahavedi.! Now the area of
the Mahavedi is given to be 972 squarc padas. So the
problem becomes to construct a square having an area of
108 square padas. Again it is said that the Saulramaniki-
vedi is of the form of an isosceles trapezium having an
area equal to the third part of the Mahavedi, that is, to
824 square padas. According to Apastamba and Kityi-
yana, this isosceles trapezium must be similar to the
shape of the Mahavedi. This case will be treated separately
under ‘‘Similar figures.”” But Baudhiyana seems to have
left the shape of the trapezium unrestricted. Hence there
arises the problem: to find an isosceles trapezium having
an area of 324 square padas. According to the tradition of
some schools, it is necessary to construct square-shaped
altars of area varying from 1} to €4 square purusas.?

To construct a squarc having an area of 108 square
padas,

Baudhiayana gives the following method :

‘¢ One-third producer (i.c., the side of & square whose
area is one-third the area) of the square made with the
third part of the Mahavedi is that (the side of the Paitrki-
vedi). Its area is the ninth part of the area (of the Maha-
vedi).”’3

108=324/3 = 182/3. So the required square will be
one-third of a square on a side 18 padas long. The

1 BSI,i. 8l.
2 BSI,ii. 14; ApSt, viii. 3.
3 BSI,i.82; compare Pagdit, X (O, 8.). p, 46f
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method for this latter construction has been taught before.
Let AB be u straight line 18 padas long. Divide it into
thyee equal parts. Let AC be one such part. Describe
the square ACDE. Join AD. Describe a circle with

= D
A c r B
hg. $7

centre A and radius AD cutting AB at F. Join EF.
Then EF is a side of the square having an area of 108
square padas. For

EF2=EA2+ AF?2,
=EA2+ AD?,
=34C2,
=1lA4B2,

EF2=108 squuare padas.

»

This construction is the same as to find a square
three times a square of 36 sqaure padas. For 108=38 x 62,
If 108 would have been a square number or expressible
as the sum of the two square numbers, the solution would
have of course been very easy.

To construct an isosceles trapezium having an area of
324 squurc padas.

Baudhiyana says :

*“ If a square be formed with the third part of the
Mahavedi, its sides will be each 18 padas long. Then by
making it longer on one side and shorter on the other,
the sides should be determined optionally as necessary.’’ 1

! BSI, i. 86-7.
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The rule does not explain clearly how the sides of the
square formed with the third part of the Mahdvedi, are to
be varied, so that the modified figure may assume the
shape of an isosceles trapezium, but still retaining the
same area. It seems, however, that the altitude is left
unchanged, only the face and base being varied.

A /E F_B
H D C -}
Fig &g

Let ABCD be the square whose side A5 is 18 padas
long. Suppose EFGH to be the modificd form. Also sup-
pose EFF=18x and HG=18y. Since the area must remain
the same, we must have

18( 18:”;“ 18y ) = 324,

or r+y = 2.

Thus we can easily obtain any number of isosceles trape-
ziums having the same altitude and area.

We have explained before Baudhiyana’s method for
the transformation of a square (or a rectangle) into an
isosceles trapezium which shall have a given [ace. That
is different from the one supposed here. But this method
has one advantage over that ; it does not disturb the east-
west line and so its adoption, we think, to have been more
probable. If the altitude also vary, we get an indetermi-
nate equation of the form

z(x+y)=2
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where 18z is the altitude of the resulting isosceles trape-
zium.

Volume of a Prism or Cylinder,

We have so far treated of the shape and size of the
base of the various kinds of Fire-altars and have observed
that the size in all cascs has been prescribed to be the
same, namely, 7} square purusas. Every Fire-altar,
save and except the one of the shape of the cemetery
{Smasana-cit), has a perfectly horizontal surface whose
height is prescribed to be one jinu (=32 angulis) for the
first construction, two janus for the second construction,
and so on. Again the number of layers of bricks at suec-
cessive constructions increases as multiples of five ; and
the shape and size of any layer of a particular Fire-altar at
any construction is the same as those of its base. Hence
all the Fire-altars are right prisms or circular cylinders.
And the early Hindu geometers evidently knew the formula

Volume of a prism or cylinder=(base) x (height).
 Approzimale Volume of the Frustum of « Pyramid.

The cemetery-shaped Fire-altar is in fact a frustum of a
pyramid. Its basc is an isosceles trapezium whose dimen-
sions are stated by Baudhiyana to be as follows:

** He should construct the Smasana-cit (*‘ the Fire-altar
of the shape of the cemetery ’’) who desires: ‘ May I gain
prosperity in the Pitrloka (the world of the fathers):’! it
has been (taught). Six purusas are the length of the east-
to-west line, three the length of the eastern side and two
the length of the western side. This is the body (of that
Fire-altar).’’2

1 The quotation is from T'S, v. 4, 11.8.
? BSr, xvii. 30.
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It should be remurked that the unit purusa in this
passage is not the ordinary purusa of 120 angulis, but a
reduced unit whose length is equal to a side of a square
equivalent to one half of the ordinary square purusa.! So
the area of the trapezium is equal to 15 reduced square
purusas or 73 ordinary square purusas.

The height of this Fire-altar has becn specified by
Buudhayana thus:

*“Its (Smadana-cit) measure is, when neck-deep on the
east, navel-deep on the west ; when navel-decp on the
east, knee-deep on the west ; when knee-deep on the
east, ankle-deep on the west ; and when ankle-deep on
the east, it is on a level with the ground on the west.”” 2

Notwithstanding this difference in height on the two
sides of the Fire-altar, its cubic content has to be kept in-
tact. To effect that in practice the following device
is generally adopted :

‘* Increase the (usual) vertical measure of the IMire-
altar by its one-fifth. Then divide the total height into
three parts, and make bricks with (the height equal to) the
fourth, ninth or fourteenth part of two of thesc parts.
Construct four, nine or fourteen layers with them. Divide
the remaining part (having constructed it with one layer
of bricks of the height of one-third the total height) by the
diagonal (plane) inclined down towards the west and re-
move the half (i.e., the upper portion).”” 3 '

It has been prescribed that the nth construction of the
Fire-altar shall have a height of » janus and comprise of 5n
layers of bricks. Increasing the height by its onc-fifth,
we get 6n /5 janus. Two-thirds of them gives 4n/5 janus.
Up to this height, the altar is constructed in (5n—1)

1 B, iii. 253-4 ; compare slso Thibaut, Sulcasutra, p. 40.
2 BSr, xvii. 30.
3 BSI,iii. 266-8..
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’Iayers, so that the height of each brick is equal to (52 —1)th
part of 4n/5. One-third of the increased altitude is 2n/5
janus. Next layer of the Fire-altar is constructed with
bricks of height 2n/5 janus. Then the upper portion of this
layer is cut off by the diagonal plane as directed. Hence
the altitude of the altar is now 6n/5 jinus on the east, 4n /5
jinus on the west ; so that i's average altitude is (6n/5
+4n/5)/2 or n janus. This device will be easily recognised
to be based on the following approximate formula for cal-
culating the volume of the frustum of a pyramid: If
(a, b) be the length and breadth of the rectangular base
of the solid, (¢/, b’) the corresponding sides of the face
parallel to it and h the height, then

Volume of the frustum= ( a+al )( vh; b,)h.

A
-



CHAPTER IX

Tne THEOREM OF THE SQUARE OF THE DIAGONAL

There is one very important proposition which, together
with its converse, looms much more considerably than
anything else through the entire geometry of the Sulba.
Baudhiyana has enunciated it thus:

‘¢ The diagonal of a rectangle produces both (areas)
which its length and breadth produce separately.’” *

That is: the square described on the diagonal of a rect-
angle has an area equal to the sum of the areas of the
squares described on its two sides. The proposition is
defined in almost identical terms also by Apastamba 2 and
Kiatyiyana.3

This theorem is now universally associated with the
name of the Greek Pythagoras (c. 540 B.C.), though ‘‘ no
really trustworthy cvidence exists that it was actually dis-
covered by him.”” * To denote it as shortly and clearly as
possible, Hankel suggested for it the name ‘‘ the Theorem
of the Square of the Hypotenuse.”” It would be more in
keeping with the form and spirit of the early Hindu geo-
metrical terminology to alter this slightly to ‘‘the Theorem

¢ AdwglrEmaTE, . weiEH fdenReht @ qemega
FRawewd FQfG 1"—BSI, i. 48.
Compare BSr, x. 19 ; xix. 1 for applications of the theorem.
* QTSRO | IR fadsAe W g TR geangd
wqfa I"—.ZpSl, i. 4.
* “ QdwgrraTaRTC R A arieeR v T TR g
FAMF Faarw 12K S, i 11
* Heath, Greek Math., I, p. 144f.
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»
of the Square of the Diagonal.”” For the Sulba does not
speak, as we do, of the right-angled triangle, but of the
square and the rectangle. Hence the altered title is
adopted here.

The employment of two different terms by compart-
ment for what we denote by one, necessitated the ancient
Sulbakiras to define the above proposition for the rect-
angle again with reference to the square:

*“ The diagonal of a square produces an area twice as
much.”” 1

That is: The area of the square described on the
diagonal of a square is double the area of that square.

The order in which these two and other closely related
propositions is mentioned by different writers is note-
worthy. The oldest known Sulbakira, Baudhayana, states
the second proposition before the first intervened by two
other rules in the same connexion. The posterior writers
like Apastamba and Kityayana place the second just
after the first. This change in the order in stating these
propositions may not be entirely without any significance.
It shows that by the time of Apastamba and Katyayana
the importance and generality of the theorem of the
square of the diagonal of a rectangle was recognised fully.
8o they very naturally stated the corresponding theorem
for the particular case of a square as a corollary to it.
But from the point of view of the origin and growth of the
theorem, Baudhayana’s arrangement is more natural.

Another proposition which has been most freely used
in the Sulba for the construction of a right angle is this:

““If a triangle is such that the square on one side of it is
equal to the sum of the squares on the two other sides, then
the angle contained by these two sides is & right angle.”’

1 BSl, i 45; ApSl, i.5; KSI, ii. 12. For applications of the
theorem compare BSr, x. 19; xix. 1, xxvi, 10.

14
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This converse proposition is not found explicitly defined
by any Sulbakéra but its truth is tacitly assumed by all
of them.

Did the ancient Hindus discover a proof of the theorem
of the square of the diagonal? No conclusively satisfactory
answer which will be beyond a shadow of doubt can be
given to this question. For there is not found any men-

_tion , direct or indirect, of such a proof, even if it had
existed anywhere in the early literature of the Hindus.
So what we shall say on this point will be more or less
conjectural, based of course on other matters having
positive bearing on the point in question. It may be
pointed out that the state of affairs is not much better
elsewhere. It has been already stated that though the
proposition is now universally associated with the name
of the Greek Pythagoras, ‘‘ no really trustworthy evi-
dence exists that it was actually discovered by him.”’ The
tradition which attributes the theorem to him began five
centuries after Pythagoras and was based upon a vague
statement which did not specify this or any other great
geometrical discovery as due to him. This led some emi-
nent scholars like Hankel ! and Junge 2 even to deny to
Pythagoras the discovery of the proposition of the theo-
rem of the square of the diagonal. Again the method
which is supposed by the modern believers of the Pytha-
goras hypothesis to have been presumably followed by
him to prove the theorem is purely conjectural.® 8o in
the same way we proceed to discuss how the theorem
was proved by the ancient Hindus. It may be noted

' H. Hankel, Zur Geschichte der Math. in Alterthum und Mitte-
alter, Leipzig, 1874, p. 97.

3 Q. Junge,‘* Wann haben die Grieschen das Irrationale entdeckt?*
Novae Symbolas Joachimicae, Halle, 1907, pp. 221-264; quoted by
Heath (Buclid, I, p. 351).

3 Heath, Euclid, I, pp. 352 fi,
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that Biirk and Hankel are definitely of opinion that the
Hindus had a general geometrical proof. 8o also was,
and more pronouncedly, the eminent German philosopher
Schopenhauer.

The rule of Baudhayana immediately following that
containing the enunciation of the general theorem of the
square of the diagonal runs thus:

“ This (i.e., the truth of the theorem) is perceived in
the rectangles with sides of three and four (units), twelve
and five, fifteen and eight, seven and twenty-four, twelve
and thirty-five, fifteen and thirty-six (units).”” *

The Sanskrit terms are trikacatuskayoh, etc. They
literally mean, ‘‘ the rectangle whose sides have three
(units) and four (units),”’ ete.

From this one might surmise that the ancient Hindus
were aware only of the arithmetical character of the
theorem and then by an imperfect generalisation applied
it to rational rectangles. But such a surmise will be too
hasty. For there cannot be absolutely any doubt about
the fact that the Hindus fully recognised the most general
geometrical character of the theorem and employed its
truth universally. Indeed, we find instances of its appli-
cation to cases of rectangles whose sides cannot be re-
presented by rational quantities. For instance, for the
construction of the Sautramaniki-vedi, application is made
of the right-angled triangle (15/+v3, 36/+/3, 39/ +3) or
(548, 1243, 13+3) and for the Aévamedhiki-vedi of the
right-angled triangle (1542, 3642, 39 v2).

The propositions about the combination and trans-
formation of areas which we have noticed before may also
be cited in this connexion. Perfectly geometrical charac-
ter of them cannot be questioned.

' BSi, i. 48.
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Above all there is the remark of Katyayana at the end
of his enunciation of the general theorem of the square of
the diagonal of a rectangle: iti ksetrajianam or ‘¢ this is
the knowledge of (plane) figures.”” Thibaut renders it as

+ * this is the knowledge (requisite) for (the measurement
of) areas.’’ This is evidently inaccurate, For in the Sulba-
sitra, the area is technically called bhami, not ksetra
which denotes ‘‘ figures.”” These prove conclusively that
the universal geometrical character of the theorem was
fully recognised.

On the other hand the above rule of Baudhayana
suggests that the truth of the theorem of the square of
the diagonal was perceived and proved in the case of
rational rectangles first; and it was then gencralised and
found to be true universally. This is perfectly natural.
In support of this hypothesis may be cited the rule of
Apastamba and Katyayana for the calculation of the area
of a square :

‘“ As many units of a measure as are in a cord so

many rows (or series) of squares (of that measure) there
will be in a square on that cord as a side.”’ !

Fig. &9

So that by drawing the squares on the sides and
diagonal of a rational rectangle and dividing them into

v Apsl, iii. 7; K81, iii. 9. Vide supra p, 95.
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elementary squares it will be easily found by calculation
that the square on the diagonal is equal to the sum of the -
squares on the sides.

'This hypothesis as regards the proof of the theorem
presupposes a knowledge of the rational rectangles. How
the ancient Hindus discovered such rectangles we shall
discuss in the next chapter.

The rules of Baudhéiyana just preceding the one con-
taining the proposition of the theorem of the square of the
diagonal of a rectangle are these:

‘* The diagonal of a square produces an area twice as
mutch.

“ (Take & rectangle whose) breadth is (equal to) the
measure (of the side of a square) and length (equal to) its
dvikarani; its diagonal will be trikarani (‘ three-fold-pro-
ducer’ of the square).

‘“ Thereby is explained the trtiya-karani (‘ the generator
of the third part * of the square); it is the ninth part of
the area.’” ? :

If this arrangement of the propositions can be supposed
to give any clue as to the discovery of the theorem of the
square of thediagonal, then it will have to be said that the
theorem for a square was discovered first. In that case the
hypothesis about the discovery of a proof of the theorem
must be a little different from the one suggested above.

Now one of the oldest Hindu Fire-altars is the Catura-
sra-§yenacit, The oldest method for its construction does
not presuppose & knowledge of the theorem in question.
This method had been expressly taught by Apastamba. It
was undoubtedly known to Baudhayana who hints it very

,briefly and gives in fact what is rather an improved form
of it. Biirk 2 surmises that the proof of the theorem was

' BSI, i. 45-7; see also BSr, xix. 1.
s Bark, ZDMG, LV, pp. 556 {,
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discovered just in the figure of the Caturasra-éyenacit.
The square ACFE on the diagonal AC of the square
ABCD of the four squares forming the atman (or *“ body ")

H A B

E D c

K F Q
Flg‘. 60

of this altar is obviously equal to the square ADEH on
the side AD and the square DCGF on the side DC. Biirk
has further confirmed his hypothesis by a reference to
Baudhayana’s imperfect rule (taught also by Katyayana)
for the transformation of a square into a rectangle.

This hypothesis about the discovery of the proof of the
theorem of the square of the diagonal of a square is
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endorsed aleo by Heath.' It is certainly more likely than
the one suggested by Cantor 2 and Allman 3 about Pytha-
goras’ proof of the theorem. (Fig. 62.)

NN

g 62

Thibaut says: ‘‘ The authors of the siitras do not give
us any hint as to the way in which they found their pro-
position regarding the diagonal of a square; but we
suppose that they, too, were observant of the fact that the
square of the diagonal is divided by its own diagonals into
four triangles, one of which is equal to half the first
square [Fig. 63]. Thisis at the same time an immedi-
ately convincing proof of the Pythagorean proposition as
far as squares or equilateral rectangular triangles are
concerned.’” 4

' T. L. Heath, The Thirteen Books of Euclid’s Elements, in
3 volumes, Cambridge, 1908, Vol. I, p. 352,

It may be noted that this proof of the particular case of the theorem
of the square of the diagonal was adduced with the figure, as that of
its general case, by Al-kbowarizmi (c. 835). (F. Rosen, The Algsbra of
Mohammed Ben Musa, London, 1831, pp. 74f.)

* M. Cantor, Vorlesungen iiber Geschichte der Mathematik, 3rd
ed.,, Bd. I, p. 185.

3 J.C. Allman, Greek Geometry from Thales to Euciid, Dublin,
1889, p. 29.

¢ Thibaut, Sulbasutras, p. 8.
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Fig. 63

Birk thinks that this supposition is less probable,
because it has no connecting link with the constructions
ordinarily met with in the Sulba, also because it does not
explain what might have induced the Sulbakaras, after
they had drawn one square, to construct a new square
on the diagonal of the same.

Such construction is not really as unnatural for the
Sulbakaras as is supposed by Biirk. It is indeed clearly in
evidence in the pattern of the first layer of bricks in
the first kind of construction of the Vakrapaksa-éyenacit
as described by Baudhayana.* To draw the attention
directly, the relevant portions of it are here marked with
bold lines 2 (Fig. 64). Further Baudhayana tcaches us to
construct a square (brick) with half the diagonal of
another square.® This leads to a construction of the kind
supposed by Thibaut.

However, similar objections may also be ralsed, partly
at least, against the supposition of Birk. What might
have led to the drawing of the diagonals of the four
squares forming the body of the Caturasra-§yenacit ?
They are not required as a matter of course.

1 BSI, iii. 62-104.
* B8, iii, 87-104. Compare Pandit, Vol. X (0. 8.), p. 211,
® B4, iii, 289.
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Vakrapaksga-syenacit

First layer of construction (after Baudhdayana)

An equally convincing hypothesis, which is very nearly
alike to that of Biirk but free from all those defects, is
suggested by the method of construction of the Paitrki-
vedi, According to one tradition about that vedi, it is a
square of one square purusa in area whose corners are
turned towards the cardinal directions.! For its construc-
tion Katyayana indicates the following method :

‘¢ For the Paitfrki(-vedi), construct a square whose area
is two square purusas; fix poles at the middle of its sides.
(The figure formed by lines joining these poles will be the
vedi required.) This is the method of construction.”” 2

Mention of that tradition about the Paitrki-vedi is
made also by Baudhiyana.® In fact, the construction of

1 KSr, xxi. 8. 28. 2 K&, ii. 6. 3 BSI, i. 834.
1K
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a square with its corners pointed towards the cardinal
directions is mentioned as early as the Satepatha Brah-
mana.! But how to do it has not been indicated there.

« This is to be accounted by the fact that the method, which
is undoubtedly the same as that described by Katyiyana,
was too well known. In fact it seems to huave been the
usual practice in all such cases. Compare Baudhiyana’s
imperfect method for the transformation of a square into
.a rectangle where also.it is necessary in the beginning to
construct a square whose corners are turned to wards the
cardinal directions. The common methods for the trans-
formation of a square into a triangle and a double triangle
or rhombus may also be referred to.

A E B

H F

D G C
Fig 65

It is thus learnt that the figure 2 EFGII obtained by
joining the middle points of the sides of a square ABCD
was known to be square in shape and half the original
square in area. Now the original square ABCD was
naturally recognised as equivalent to the square on EG
which is the east-west line. For as has been described

1 $Br, xiii. 8. 1. 5.
2 This figure was happily conceived also by Hankel as the possible
source of the discovery of the theorem. But be was not aware of the

special aspect it had in the geometry of the Sulba.
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before the usual practice o% the Hindus for the construc-
tion of a square (or indeed any other regular figure) of
given sides was to construct it in such a way asto
make it lie symmetrically on the east-west line. This
EG is again the diagonal of the newly formed square
EFGH. 8o this figure leads in a very simple and vivid
way to the discovery and proof of the theorem of the
square of the diagonal of a square. If we join HF, we at
once obtain the construction forming the basis of Biirk’s
hypothesis.

How the ancient Hindus proceeded next to find a
general proof is well hinted by the following two proposi-
tions of Katyayana preceding that of the general theorem
of the square of the diagonal of a rectangle:

‘“ (Take a rectangle whose) breadth is one pada and
length three padas; its diagonal is the ‘ ten-fold-generator ’
(i.c., it generates a square ten times as large as a square
of one pada).

¢« (Take a rectangle whose) breadth is two padas and
length six padas; its diagonal is the * forty-fold-generator ’
(i.e., it produces a square forty times as large as a square
of one pada).” !

It is evident from Fig. 66 that the square ABCDis
equal to ten elementary squares, four forming the inner
square OPQR and the remaining six from the halves of

1 K&, 1ii.89. Compare KSr, v. 3. 33, for an application of the
first rule and xvii. 8.14 of the second.

In the manuscripts of the Katydyana Sulba known to me, there
occurs a rule intervening between these two propositions and the propo-
sition of the general theorem of the square of the diagonal :

‘¢ The measure of the yuga and the samya has been taught (before
as it is found (in the holy scriptures).”"—K§l, ii. 10,

I think this rule has been placed here erroneously by a copyist.
8o there is a gradual development of the proposition of the theorem
of the square of the diagonal from the particular cases to the most
general one.
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the four rectangles sux:rounding it, viz., AFBO, BGCP,
CHDQ, DEAR, each of which contains three elementary
squares. These can again be divided into two groups:
one group consisting of nine elementary squares forming
the square on the line OB and another group of a single
elementary square on the side OA. Thus it is proved that

AB* = 0A% + OB?

If the side of each elementary square be one pada, we
find a proof of Kiityayana’s first proposition, and if it
measures two padas, a proof of his second proposition.

From these and similar instances of rectangles whose
lengths and breadths can be represented by commensu-
rable quantities, and in which the truth of the theorem is
proved easily, it is not difficult to surmise how to proceed
to find a general geometrical proof of it.
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»
According to this supposition we are to draw four rec-
tangles equal to the given one each having as its diagonal
a side of the square on the diagonal of the given rectangle.
Then it follows obviously,

c? = 4(}ab) + (a—b)2,
or ¢2 =a2 + b2,

We thus find from the Sulba how by successive stages
the ancient Hindus developed, as is highly probable, a
general proof of the theorem of the square of the diagonal.
As confirmatory to this hypothesis, we may refer to the
method of Apastamba for the enlargement of a square.
If it be required to construct a square whose side will
exceed a &side b of a given square by a, add, says Apas-
tamba,! on the two sides of the given square two rec-
tangles whose lengths are equal to b and breadths to ¢;
then add on the corner a square whose sides are equal
to the increment a. Thus will be obtained a square
with a side equal to a+b (Fig. 68). A similar method is
taught by Baudhayana.2 Now we can divide the added
rectangles by their diagonals and place the four resulting
triangles of sides a, b, ¢ around another square of the
same size as the enlarged square, in the manner shown in
Fig. 67.

Nearly the same figure as Fig. 67 is formed by the
constructions described in the Sulba, for the combination
of two different squares (Fig. 88). The general truth of
the theorem was very likely perceived from that figure.®

1 Ap8l, iii. 9. See aleo p. 176 infra.

2 BSI, iii, 192-4,

3 Compare C. Miiller, * Die mathematik der Sulvasftra,”” Abhand.
a. d. math. seminar d. Hamburgischen Univ., Bd. vii, 1929, pp. 175-

205 ; more particularly pp. 194 ff.



118 ANOTHER HYPOTHESIS

[

The above proof of the theorem of th: square of the
diagonal is given in later tines in India by Bhaskara II
(1150).! Bretschneider 2 conjectures that Pythagoras’
proof of the theorem was substantially the same. In

' approving of this hypothesis of Bretschneider, Hankel
remarks that ‘it has no specific Greek colouring but
rather reminds of the Indian style.”” ® This remark has
been accepted by Allman,* Gow ° and Heath.® Heath
has pointed out another objection against accepting that
as Pythagoras’ proof, though he admits it to be the
‘““ best.”” 7 This interesting proof was given also by
Chang Chun-Ch’ing (¢. 200 A.D.) in his commentary of
the ancient treatise Chou-pei (c. 1100 B.C.).®

Another plausible hypothesis will be that the ancient
Hindus were led to the discovery of the general proof of
the theorem of the square of the diagonal in the following
way: Let ABCD be a given square. Draw the diagonal
AC and cut off AE equal to AC. Construct the square
AEFG on AE. Join DE and on it construct the square
DHME. Complete the construction as indicated in
Fig. 69. Now the square DHME is seen to be comprised

1 Bijaganita (of Bbaskara T1), ed. fudhakara Dvivedi and Murali-
dhara Jha, Benares, 1927, p. 70.

¢ (C. A. Bretschneider, Die Gcomelric und die Geomeler tvor
Eukleides, Leipzig, 1870, p. 82.

3 H. Hankel, Zur Geschichte der Mathematik in altertum und
miltelalter, Leipzig, 1874, p. 98.

4 G.J. Allmanp, Greek (ieometry from Thales to Euclid, Dublin,
1889, p. 37.

5 J. Gow, A Short History of Greck Mathematics, Cambridge,
1884, p. 155 f.

8 Heath, Euclid, I, p. 355.

7 Heath, Euclid, T, p. 355; Greek Math., I, p. 149.

8 Y. Mikami, ** The Pythagorean Theorem,’’ Archiv. Math. Phys.,
XXII (8), 1912, pp. 1-4 ; The Developmert of Mathamaiics in Ching and
Japan, Leipzig, 1913, p. G.



EARLY HISTORY 119

& s L4
/
/
) . (3 R
4 ~ I/ X
N A
/ 4
s 4 S\
/ / ~
/ 2
/’ ’ s ~
’ A ‘e 1=
’ . /
l ; 4
TNl s
H /
S 1 /
~o \ J
\\‘ l /
‘\\_ |
M
g 69

of four right-angled triangles each equal to DAE and the
small square ANPQ. This square will be easily recog-
nised to be equal to the square CRFS and triangles equal
to the rectangles AERD and .1BSG. Therefore the
square DHME is cqual to the sum of the squares ABCD
and AEF(/, Hence the theorem. Constructions like this
are necessary in the usual course in the Sulba.!

Early History

The early history of the theorem of the square of the
diagonal, in India, has been very ably treated by Biirk.2
We have now discovered a few more corroborative
evidence of unquestionable value as regards its ancient
character. In the Sulba, the theorem is found to have
becn applied very extensively. Iven in the construction
of a square, a rectangle or a trapezium, is ordinarily pre-
supposed a knowiedge of its converse. We may, however,
presume for the sake of the best argument on the adverse
that in the anterior times, those simple geometrical figures
were used to be constructed by methods which would not

1 For instance see Fig. 57; see also Pandit, 0.8., X, pp. 46 f.
2 Birk, ZDMG, LV, pp. 546 fI.
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4

depend in any way on that theorem.! The proof of the
possibility and existence of such methods, we find also in
the Sulba. But there are certain other geometrical
_constructions such as (i) the geometrical constructions of
V2, 8, etc., and (ii) the transformation of rectangles into
squares, for which the theorem of the square of the diago-
nal is absolutely indispensable. Hence to determine the
ancient history of the theorem in India, we shall have to
find from the ancient literature of the Hindus the oldest
instances of the application of the one or the other of
those geometrical constructions. Such instances occur
indeed copiously.

Now the doubling of a square, i.c., the geometrical
construction of 4/ 2, is necessary for the construction of the
one of the three primarily essential altars of the Vedic
sacrifices, viz., the Duaksina. It has been pointed out
before that the existence of those three altars is older than
the Rgveda (before 3000 13.C.). Hence the theorem of
the square of the diagonal, particularly in its simplest
form for the case of the square, is as old as that. In
connexion with the construction of the Rathacakra-citi, as
in the case of the most of the Kamya Agni. onc has first
to draw a squarc equal to the primitive and standard
Agni, the Cuaturasra-§yena-cit, whose area is 7} square
purusas and whose form (Fig. 1) consists partly of squares
and partly of rectangles. It will be easily seen that the
solution of this problem is not possible without the help
of the theorem of the square of the diagonal in its general

1 From the preference which is found to have been given in the
Sulba to the method of construction of rectaogles and trapeziums with
the help of the rational rectangle (15, 36, 39) connected with the dimen-
sions of the Mahdvedi, which will be noticed in the next chapter, we
are convinced that the same method was used to be followed as early
as the time of the Taittiriya and other Samhita (c. 3000 B.C.). But
here for arguments’ sake we shall waive that coaviction too.
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form,! For the Praiiga-citi, one has again to double
that square. Hence the theorem must be as old as the
Taittiriya and other Samhita (c. 3000 B.C.) where, it has
been pointed out before, occurs the express mention of the
construction of the Kamya Agni. In the Satapatha
Brahmanga, we are asked to construct a square fourteen
times as great as another square of one purusa. Again
it is required to divide the small square into seven parts
and three of the parts will have then to be combined with
the larger square to form a new square.? From that
Brahmana, we come to know of some ancient authorities
who used to approve of the construction of a series of
Agni of the square shape, with areas 1}, 24,...6} square
purusas.® These have been incidentally mentioned by
Baudhiiyana ¢ and Apastamba.® But the Sutapatha
Brahmana particularly forbids the construction of such
altars. That is, however, quite immaterial for the object
we have now in view. It is sufficient and important for
us to know that such constructions which clearly depend
upon the addition of squares were once in vogue, at any
rate in some particular schools, before the time of the
Satupatha Brahmana (c. 2000 B.C.). In one of the cases
noted above it is necessary to transform a rectangle into
a square before it can be added to another. In the
Srauta-sitra, we find copious instances of the geometri-
cal construction of v2, /3, etc. Some of those instances
can be clearly distinguished from all the previous ones

1 ¢f. Birk. ZDMG, LV, pp. 549, 553.
2 $Br, x. 2.3. 7-14. For further particulars in this connexion see
Chap. XII.

3 Ibid, x. 2. 3. 17.

¢ BSI, iii. 318-9.

5 ApSl, viii. 3, 6; xii. 1-2; ApSr, xvi. 17.15. In this work, the
tradition is expressly attributed to the Satapatha Brahmana.

16



122 APPLICATION OF TH(E CONVERSE THEOREM

inasmuch as in them the application of the theorem of the
square of the diagonal has been very clearly mentioned.!
In the Baudhayana Srauta, the converse theorem is used
for the conmstruction of the Mahdvedi.? Thus we learn
that the theorem of the square of the diagonal really plays
& very important part in the science of altar-construction
from very early times and in some cases it is, in fact,
indispensable.

1 For example,we take the following from the earliest Srauta-sutra,
namely the Baudhayana Srauta :

“wq weiafe faflla waRe g9 AwATIRArQAEERT qAHY
game W IREAE | TerMEAaiaaty’ vae Jaadaref fed
JRemEY oA FRIIgHALLAA gt gEEiEt wam o wsfad @
wRfad a1 wreufay A grafed @1 SYATY WIQGAGEUATHRA HHIG
gaqy |qyr qfaufg 1 '—BSr, x. 19,

“ 3fead® IHAf@ fawrgd | @wn difes aE@aSs aEn
Hifwm wmRAEasy 1 e @mag 3 fafeite ) wfo o serean
U A U fax WgHAT a9y sOdfed; WE § YHA ! Qg
AQETWAT AN A HULAHA: § wAAEHA K@ GifEwy w3z
—BSr, xix. 1.

Compare aleo BSr, xxvi. 10,
2 BSr, vi. 22



CHAPTER X
RaTioNAL RECTANGLES

In the Sulba-sitra we meet with the following rational
rectangles :

(@' 32+42=57,
()2 92+12*=152,
()3 122+162=202,
(ii)* 152 +202=25%,
(iv)® 72%+962=1202,
(b)¢ 52+122=132,
(f)7 152 +362=39%,
()8 402 + 962 =1042,
(c)® 72 +242=252.
()10 824+152=172.
(e)1! 192 +352=372
1 BSI, i. 49; ApSi, v. 8.
2 K8I P, verse 31.
3 ApSi, v. 3.
4 ApSi, v. 3.
5 Ma&St, iii. 4-6.
6 BSI, i. 49; ApSi, v. 4.
7 BSI, i. 49; ApSl, v. 2, 4; MaSl, v. 8-3.
8 Madl, iii. 3; MaiSL
9 RS, i. 49.

10 BSI, i. 49; ApSi, v. 5.
11 Bgl,i. 49; Ap§l, v. B.
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1
Besides these of which the sides and the diagonal are

rational integers, we find also a few other rectangles whose
sides and diagonal are expressible in rational fractions:

(a.v)? .(2;})2 + 82 = (3})2

(a.v))2 (792 + 10* = (12})2
(b.iil)3  (13)2 + 42 = (4])2

(biv)t (2] + 62 = (6))2

(b.v)® (24)2 + 52 = (51%)?
(b.v)® (4})2 + 102 = (103)2
(b.vi))” (111)2 + 27% = (20})2
(b.vii))® (781)2 + (188)* = (2033%)*

It will be very interesting to kmow how the early
Hindus discovered their rational rectangles. Thibaut
observes: ‘‘ Most likely they discovered that the square on
the diagonal of an oblong, the sides of which were equal to
three and four, could be divided into twenty-five small
squares, sixteen of which composed the square on the
longer side of the oblong, and nine of which formed the
area of the square on the shorter side. Or, if we suppose
a more convenient mode of trying, they might have found
that twenty-five pebbles or seeds, which could be arranged

1 K§I P, verse 25f.

2 MaSl, vi.

3 MaiSl.

4 ApSi, vi. 6 ; MasSi,iv; MaiSl.
5 ApSI, vi. 1.

& ApSl, vi. 8.

7 ApSi, vii. 8.

8 JpSl, vi. 5.
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»

in one square, could likewise be arranged in two squares
of sixteen and of nine. Going on in that way they would
form larger squares, always trying if the pebbles forming
one of these squares could not as well be arranged in
two sma ller squares. So they would form a square of 36,
of 49, of 64, etc. Arriving at the square formed by
13 x13=169 pebbles, they would find that 169 pebbles
could be formed in two squares, one of 144, the other of
25. Further on 625 pebbles could again be arranged in
two squares of 576 and 49, and so on.”’ !

Thus Thibaut supposes that the Hindus had, starting
from a greater square, obtained two smaller ones by
division. Biirk on the other hand supposes that they
started more likely from a smaller square and found that
the new square formed by increasing it was the sum of
two smaller ones,—the original square and the square
formed by the added portion. This supposition, indeed,
tallies more with the procedures found in the Sulba. F¥or
instance, take the method of construction of the Sara-
rathacakra-cit described by Baudhayana. There one has
to muke, as an auxiliary construction, a square with 225
plus 64 altogether 289 square bricks. Baudhayana says:

*“ With these bricks a square is to be formed. The
side of a square (first formed) comprises sixteen bricks.
Thirty-three bricks will still remain in excess. With
them construct the borders (on two sides) completely
round.”’ 2

It will seem strange that instead of being directed to
construct the whole square at once, we are told to make at
first a square with 256 bricks and then to place the
remaining 33 bricks around its two sides. As has been
rightly pointed out by the commentator, this rule must be

I Thibaut, Sulvasitras, p. 12,
3 BS, iii, 191-4.
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explained by the fact that the process of construction
really began with a square consisting of 4 bricks. Next
square was constructed by plrcing 5 squares, along its
two sides, so that it contained 9 bricks. Proceeding
thus and placing the additional bricks alternately on the
north and east sides, and on the south and west sides,
a square of 256 bricks was constructed without disturbing
the position of symmetry of the altar about the cast-west
line. But the addition of the remaining 33 bricks
displaced this symmetry and for this reason perhbaps,
Baudhayana gave that unusual direction.!

This explanation is, however, immaterial for the
purpose of our immediate object. It is quite sufficient
that we have found that a new and larger square
was used to be formed from another of smaller size by
adding to it a portion in the form of a gnomon. More
particularly it is found that a square comprising of 289
square bricks, 17 on each side, was formed from another
of 225 bricks, 15 on each side, by the addition of a
gnomon consisting of 64 square bricks. Thus is obtained
the rational rectangle 152 + 82 = 17°,

B N W S
1.
T

Fig70

The whole process appears in a nutshell in the general

1 Compare Thibaut, Sulvas@iras, p. 85f.
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e
rule for the enlargement of a square which has been
explained before. It is then simply by noting when the’
square bricks comprising the gnomon can also be placed

Fig 71

in the form of a square that the Hindus very likely
discovered the rational rectangles. As has been suggested
by Treutlein,! and followed by Allman 2 and Heath, 3
it was substantially in the same way that Pythagoras
discovered the rational right-angled triangles which are
now generally associated with his name.

The number of rational rectangles employed in the
Sulba for the purpose of the construction of altars is found
to be few. It will be fewer still—five only—if we
consider the independent ones, leaving out the multiples
or sub-multiples of them. So it will be naturally asked
were the early Hindus aware of other rational rec-
tangles? Had they any general rule for finding any
number of rational rectangles?

In dealing with these questions, we shall first refer to
two observations of Apas tamba which appear to imply an
answer in the negative. After describing four methods

1 P, Treutlein, Zeits. f. Math. u. Phys, xxviii, 1883, Hist.-litt.
Abtheilung, pp. 209 ff.

2 Allman, Greek Geometry, pp. 30f. -

3 Heath, Euclid, I, p. 858.
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of constructing the Mahdved: in which use has been made
of altogether eight rectangles of which the sides and the
diagonal are expressible in rational integers, Apastamba
observes: !

Etavanti jieyani vedi-viharanani bhavanti.

Thibaut has the reading vijieyani in the place of jieyani
given by Biirk and also found in my manuscripts. The
difference is, however, immaterial. Thibaut translates the
'passage thus, ‘ So many ‘‘ cognizable '’ mecasurements of
the vedi exist.” * Biirk renders it as * There are so many
‘‘ recognizable ’’ (erkennbare) constructions of the vedi,’3
and has thus closely followed Thibaut. The latter further
observes: ‘‘* That means: these are the measurements of
the vedi effected by oblongs, of which the sides and the
diagonal can be known, i.e., can be expressed in integral
numbers.’”’ Biirk is of the same opinion.

The other observation of Apastamba which we shall

refer to is
tabhirjiieyabhiruktam viharanam

and it occurs at the end of his enunciation of the theorem
of the square of the diagonal of a rectangle.* Biirk
renders it thus: ‘* The construction (in i. 2 and 8) has
been taught by means of (the application of) these (the
aksnaydrajju, parévamant and tiryanméni of a rectangle)
—of course by means of such as are ‘‘ recognizable ”’
(i.e., which can be expressed in integral numbers).”’

Thus according to the supposition of Thibaut which is
accepted also by Biirk, the qualifying words jieydani and
jeyabhih imply only those rectangles of which the sides
and the diagonal can be expressed in rational integers.

1 ApSl, v. 6.

? Thibaut, Sulvasutras, p. 12.

3 ZDMG@G, LVI, p. 341; compare also p. 329; LV, p. 560, fn. 3.
4 ApSl, i 4.
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This supposition is doubtless wrong. For in the first
expression the word jiieyani very clearly qualifies vedi- -
viharanani or ‘‘ the methods of construction of the vedi,”’
the word wvedi undoubtedly referring to the Mahaved:
mentioned in the foregoing rules.  This is further
confirmed by the word ectdvanti meaning ‘‘ these,”’ *‘so
many,’’ the reference being to the four methods of con-
structing the Mahavedi described by Apastambs. Where
is then the ground to suppose, as has been done by Thibaut
and Biirk, that jieyani implies the rectangles employed
for the purpose of those methods ? In the second passage
the word viharanam (*‘ construction '’ or ‘‘ the method of
constructions *’) clearly ! refers to the methods of cons-
truction described in the two foregoing rules, viz., ApSl,
i. 2 and 8, and the word jiteyabhil to the rational rectangles
used therein. This has been admitted by Birk also.
Now the methods referred to are those for the construe-
tion of squares and rectangles of given sides, and they
primarily depend upon drawing right-angled triangles
(or rectangles) having a given side, or more particularly,
having a side equal to a side of the required figure. The
sides and the diagonal of the rectangles are stated to be
(a, 5a/12, 13a/12) and (a, 3a/4, 5a/4). It is only when
a is a multiple of 12 (in the first case) or a multiple of 4
(in the second case) that the sides and the diagonal of the
rectangles employed for the purpose of the construction
of altars, will be expressible in rational integers, other-

' Compare what Apastamba says: uktam ‘‘said,” ‘‘stated’’ or
*“ described ; ' meaning that the method of construction has been des-
cribed before.  This can be further confirmed by referring to what
Apustamba has written in the rule just preceding the one under dis-
~ussion (i. 3). After stating the dimensions of the sides and the
diagonal of the rectangle to be used, viz., (a, 3a/4, 5a/4), Apastamba
observes vyakhyitam viharanam, ** the method of construction has been
(already) described (in the preceding rule)."

17
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f

wise not. Indeed in actual practice Apastamba has
employed four particular cases of the first, viz., (24, 6, 63),
(27,5, 55), (42, 10, 102) and (11}, 27, 20%), which have
fractional sides and diagonals.!

Again for the purpose of the construction of altars,
Apastamba has used even such rectangles in which the
sides and the diagonal cannot be expressed in terms of
rational numbers.2 So the interpretation of the words
jieyani and jiicyabhih, as supposed by Thibaut and Biirk,
is absolutely untenable.

Having detected that this interpretation is open to
such a serious objection, Heath modifies it and says:
‘ But the words (etdvanti jicyani, ete.) also imply that
the theorem of the square of the diagonal is also true
of other rectangles not of the ‘‘ recognisable ’’ kind, that is
rectangles in which the sides and the diagonal are not
in the ratio of integers; this is indeed implied by the
constructions for +/2, /3, etc., up to 6 (cf. ii. 2,
viii. 5).”’2 But he would still presume that the remark
implies that Apastamba knew of no other rational rec-
tangles that could be employed.

Let us next turn to find how the passages in question
have been explained by the orthodox commentators.
Amongst them, the most elaborate explanation of the
expression tabhirjReyabhir, etc., is found to be that of
Karavindasvimi. According to him, the word jiteya
implies that variety of quadrilaterals in which of the sides
and the diagonal any two being given, the third *‘ can be
known *’ with the help of the theorem of the square of
"1 ApS1. vi. 68, vii. 3.

% Vide supra, p. 121. Further in two other methods of construc.
tion Apastamba has used the isosceles right-angled triangle (or a
squsre) a, @, a2 (ii. 1, ix. 8),

8 Heath, Euclid, I, p. 368.
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L]

the diagonal; or it denotes the rectangles which ‘‘ can be
conceived in mind,’”’ the sides and the diagonal of them
being expressible in terms of commensurable quantities.!
The first explanation is given also by Sundararija and the
alternative one by Kapardisvami. Sundararaja is silent
about the true import of the word jiicydni in etdvanti
jficydni, etec. In the opinion of Karavindasvami and
Kapardisvami, it implies those rectangles in which the
sides and the diagonal ‘‘ can be known in terms of numbers
which are rational (§uddhamaula, lit. ‘ which are perfect
roots ’).”’ 3

These interpretations appear to me to be as unnatural
and forced as those of Thibaut and Biirk. Every one of

1 Karavindasvami writes :

“ FHTERRATNAINAEE AW A AR, AT Sqawq
WY WA A WAL | Aq WG - WWAN GEAFAR qHAA-
wugadE ¥ Nfed fredva a0t fads @etfa wg' o3 oadan
War | ar w4 ¥ afwcarives fivcafied: | qagwmE faveew
gafaRgewmraafaad: | wyar warfi: sfcawfaggfembn gin-
fagcd wnafAagay: | *

Sundararaja says :

“ wret sArwEREET W TWA | q91,  qrEARNREErE J-
wiad@ qoi wfien ddw aeqameETes T TR -
TowaTC Wi GriEERE ol firew e fadre wme fadre wmied
faxira qriwmR: | wd arfen arfw: gt freed 1

KapardisvBmi has :
“ gaifanly’ wEfierer ittt |
3 Karavindasvami says :
“ warfe yyeeaar wg' e
Kapardisvimi says :

“qaEwEa gEetn Wy e ffaecwifn wafem) ww g

WA FWAIANE: | AW AR |
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these interpretations is putting a construction on the text
which it does not seem to bear. At any rate those inter-
pretations have been made irrespective of the sense in
which the words very closely related to jiicya have been
used in the Sulba and of the nature and spirit of these
works.

The question of the rationality or irrationality of the
sides and the diagonal of the rectangles used in the con-
struction of altars can arise only when we begin to think
of them in terms of numerical quantities. ~But the
Sulba deals truly with geometrical construction and not
with numerical calculation. In commenting upon jicya
from the standpoint of numerical representation, the
commentators, ancient as well as modern, have fallen into
an error.

I think that the word jiicya should be explained
quite differently. Its literal significance is, as has been
explicitly stated by the commentators, ‘* can be known *’
(jfatum $akyate). It comes from the same root jad, as
the word vijaayate, meaning ‘* is known.”” Hence both
the words should be explained so as to exhibit the same
relation. Now on many occasions in the Sulba in con-
nexion with the statements of the measurements of
altars, the description of the methods of constructing
them, etc., we find the remark...iti...vijiayate.2 Tt
implies that such and such thing ‘‘ is known from the
ancient holy scriptures.’”” Indeed those things can be
actually traced therein. I think the word jieya also
should be explained as implying a reference to the same
ancient scriptures. Thus the expression tabhirjAicydbhir,

' It is noteworthy that this is one of the arguments applied by
Biirk against the interpretation of Sundararaja.

* For instance see BSl, i. 85, 71,76, 79, etc.; ApSl, iv.1,8,5;
v. 1,8, 10; viii. 1, 4, 7, etc.
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etc., means ‘‘ the method of construction (of the altars)
has been described by means of those rectangles that can
be known (from the ancient scriptures).”” The other
expression ctavanti jficyani, ete., will then mean ‘* these
only are the methods of construction of the (Maha-)vedi
which can be known (from the ancient scriptures).’’

We shall now take up the question whether the
ancient Hindus had any general method of finding
rational triangles. Of course there is not found in the
Sulba any rule devoted particularly to the definition of
such a method. So whatever we shall say on the point
will consequently be by way of inference, more or less
conjectural. However there are good reasons to believe
that the Hindus knew of general formulas for finding
rational rectangles.

We have already pointed out how the ancient Hindus
presumably discovered the rational rectangles which are
found in the Sulba by noting when the square bricks
comprising the gnomon added to a square might them-
selves be arranged again in the form of a square.
Observing that the gnomon of one square brick depth put
round a square formed with n? such bricks, consists of
2n +1 bricks, they would have only to make a square with
2n + 1 bricks.!

1f we suppose that 2n4+1 = m?2,
we obtain n = }(m¥~-1);
and therefore n+1 = §(m?2+1).

1t follows that

o m"’—l)?: (m9+1)2
m2 + 5 5 . . (4)

This formula follows, indeed, more directly from a
special rule of Katyayana for finding the sum of a number
of equal squares. If n be the number of equal squares of

! Compare Miiller, loc. cit., pp. 202 f.
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sides equal to @ each to be combined into one, then, the
rule says,

na (--_.2 a —5 ) @
Putting m?2 for n, we get

2 _ 2
m2a? + (7."_21)2(12 = (m2_+1_)902. . (A)

In particular, taking a=1, we get at once the formula (A).
1f the sides and the diagonal of the rectangles are to be
integral as well as rational, m must be odd.

With the help of this formula would be obtained the
following rational rectangles mentioned in the Sulba:
8, 4, 5), (5, 12, 18) and (7, 24, 25). Indeed it will give
all those rational rectangles in which the difference
between the greater side and the diagonal is 1.

There are also found other rational rectangles, wviz.,
(8, 15, 17) and (12, 35, 87), which could not be obtained
from the formula (A). The characteristic of them is
that the difference between the greater side and the
diagonal is 2. They could be obtained from the formula

(2m)2 + (m2-1)2 = (m2+1)2 .. (B)
which is derivable from (A) by doubling the side of cach

square or from (A) by putting a=2. But they were more
likely obtained first by observing when the gnomon of two
square bricks of breadth put round a square, could be
rearranged in the form of a square. If the original square
contain n2 bricks, the gnomon will consist of 4n +4 bricks.

If we suppose that 4n+4 = m?2,
we obtain n = }(m2—4) .;

and therefore =n+2 = }(m2+4).
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It follows that

m?—4\2 m2+4\2
m?2 +( y ) = 7\ )
Substituting 2m for m in this, we easily obfain the
formula (B).,

Proceeding in the same way they could deduce from
the general rule for the enlargement of a square, a still
general formula for finding rational rectangles. It has
been stated in that rule that the gnomon of n bricks
depth put round a square of p? bricks will contain
2pn +p? bricks. Supposing

2pn +n? = m?2,

we obtain P -21;; (m2—n?);

p+n = 1 (m2+n?).,

It follows that

m2 4 (Mt )2 - (M)z
2n 2n
or (2mn)? + (m2-=n2) = (m2+n?). .. (0

where m, n are any two rational integers.

This formula follows also from the method of the
transformation of a rectangle into a square, which is
commonly found in all the works on the Sulba. If p, g
be the length and breadth of the rectangle to be
transformed, it has been stated that the equivalent
square will be given by the difference of the two squares

(E;:—q-)52 and (2:2—'1)2. Thus -

e (57 - (39"
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Substituting m2, n? for p, q respectively, we get
2 _pn2 24,2 \2
m2n? + (m2 n )9=(m2+n ). eee (C')

Proclus (450 A.D.) has attributed the formula (A) to

Pythagoras (c. 540 B.C.), and the formula (B) to Plato
(c. 875 B.C.). The formula (C) or (C') follows from
Euclid’s Elements, I1. 6,
" The early Hindus recognised that fresh rational rec-
tangles can be derived from a known one by multiplying
or dividing its sides and diagonal by any rational quantity.
In other words, they found that if (p, q, 7) be a rectangle,
so that

p2+q2 —_ T2,
then another will be (Ip, lq, lr), where [ is any rational
number, integral or fractional. Apastamba has, indeed,
derived certain new rational rectangles in the same
way. He has, however, put the result thus:!

If o2 +,[32 = 72,
then (a+ne)*+(B+nB8)2 = (y+ny)2,
where n is an arbitrary rational number.

The rational rectangle (15, 36, 39) perhaps deserves
more than a passing notice. It could of course be derived
from the rational rectangle (5, 12, 13) by multiplying its
sides and diagonal by 3. This relation has, indeed, been
expressly admitted by Apastamba.? But it was probably
obtained first independently, thinks Biirk,3 as an instance
of a rational rectangle in which the difference between
the greater side and the diagonal would be 3. This will
probably account for Baudhayana’'s enumerating it
geparately along with (7, 12, 13). The early Hindus,

t ApSi, v. 3-4.
2 ApSl, v. 4.
3 ZDMG, LV, p. 571.
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particularly those belonging to the Apastamba school,
appear, however, to have special regard for the rational -
rectangle (15, 36, 39). So the method of constructing
several vedis has been described in the Sulba of this
school with particular reference to this rectangle. For
instance, take the case of the Niridhapadubandha-vedi.
It is of the shape of an isosceles trapezium whose
measurements are known from the ancient scriptures
to be: face=the yoke of a cart (=86 angulis); altitude=
the pole (=188 angulis) and base=the axle of the cart
= 104 angulis).! As regards the process of its con-
struction, Apastamba says:

*“ This has been described (in connexion with the
construction of the Saumiki-vedi) by means of one cord.
Having taken it by the mark at 15, fix the two western
corners by means of half the axle and the eastern
corners by means of half the yoke.”'2

Here it is clear that the altitude (=188 angulis) of the
vedi is supposed to be divided into 36 parts, so that one
part will be equal to 5% angulis. On taking this for a new
unit of pada or prakrama, in terms of it the altitude of
the Nirudhapadubandha-vedi will contain 36 padas or pra-
kramas. So the rational rectangle (15, 86, 89) can be
applied to construct it, as in the Method I, page 64
(Fig. 28). The spatial magnitudes of the rational rect-
angle employed will truly be (784, 188, 203%) in terms
of the usual unit anguli. But by supposing the unit to
be one of 53 sangulis, Apastamba represents it as
(15, 86, 89). Similarly in constructing several other
altars, by a suitable change of the length of the umit of
linear measure, Apastamba always represents the sides and
the diagonal of the rational rectangle employed by (15, 36,

v Apsl, vi. 3, 6; ApSr, vii. 8.7 f.
3 Apsl, vi. 4;_ compare Biirk's notes on it.

18
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89).1 Actually they are particular cases of the rectangle
(a, 5a/12, 13a/12), a being the length of the altitude of
the ved:i under construction.

Now it will be very naturally asked, why this preferen-
tial liking for the particular rational rectangle {15, 36,
89), on the part of Apastamba? The true answer will
be not simply because, as Biirk seems to think, that
the construction of the most important vedi, namely the
Mahdvedi or the Saumiki-vedi, depended on it. For
Apastamba has described as many as four methods for
the construction of the same vedi. But also because
it was employed in the most ancient method of
construeting the Mahavedi and so had acquired a special
sanctity by a long scriptural tradition. We have also
seen the similar orthodox predilection of Apastamba for
the primitive methods of high scriptural antiquity in the
matter of the construction of the Caturasra-syenacit by
means of the bamboo-rod.

Now tracing the early history of the rational rectangle
(15, 36, 39), we find it first in the Taittiriya
Sarhitd (c. 3000 B.C.)2 in connexion with the Mahdvedi.
It has then reappeared in the Kaithaka Sawmhita,3
Maitrayani Samhitd,* Kapisthala Samhita,® and Sata-
patha Brahmana.® It should perhaps be noted that in
these works only the sides (15, 36) have been expressly
mentioned, but not the diagonal 89. This non-mention
of the diagonal has led some modern writers to suspect if
the property 152+362=392 was at all known in the time

1 ApSl, vi. 6.8.

2 TS, vi.2. 4. 5.

3 KtS, xxv. 4.

4 MaiS, iii. 8. 4.

5 KapS, xxxviii. 6.

8 $Br,iii. 5. 1. 1. ; x. 2. 3. 4.
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of the Sasmhitd and Brahmana.! But such a suspicion
seems to be quite unwarranted. For even in later times
Baudhdyana has not mentioned the diagonal of the ration-
al rectangles enumerated by him. From a thorough
discussion of the point, Biirk concludes: ‘‘After all these
no doubt can exist regarding the fact that the rational
right-angled triangle with perpendicular sides 15 and 36
was really known in the time of the Taittiriya Sawmhita
and the Satapatha Braghmapa and was employed in the
construction of the Saumiki-vedi as in the Apastamba
Sulba Sutra v. 1 and 2.”” 2 Such was also the opinion of
Cantor.® Their conclusion will be further corroborated by
what has been shown just above about the special sanctity
acquired by this rational rectangle amongst the followers
of the Apastamba school. Our interpretation of the
word jiieyabhih occurring at the end of Apastamba’s
enunciation of the theorem of the square of the diagonal
of a rectangle (pp. 132 f.) also will lead one strongly to the
same conclusion.

1 For instance, see Keith, Journ. Roy. dsiat. Soc., 1909, pp. 590 f.;
1910, pp. 619 f.

2 ZDMG, LV; pp. 555 f.

3 Cantor, Geschichte, T, pp. 598 ff.



CHAPTER XI

SquARING THE CIRCLE
To transform a gquarc into a circle.

Baudhayana says:
‘¢ If you wish to circle a square, draw half its diagonal

about the centre towards the east-west line ; then de-
scribe a circle together with the one-third of that which

lies outside (the square).’’ !
The same method has been taught also by Apastamba 2

and Katyayana.3

A ]

P

\

M \
[

N

b —— c
Fig 72

Let ABCD be a square and O its central point. Join
0A. With centre O and radius OA describe a circle in-
tersecting the east-west line EW at E. Divide EM at P
such that PM=EM /3. Then with centre O and radius

1 ¢ qyoq’ Age feiuam’ Aar mORENEITEEfitad aw
av a3 wew ufcfedy | "—B2l, i. 58,

1 “ gy’ wed faRtianan St fraady aein; efennfare-
MY g% v sfifegy | srfrar agw] | arAEd AT | —
Ap8l, iii, 2.

3 K81, iii. 18,
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OP describe a circle. This ci.role will be nearly equal in
area to the given square ABCD.

Let 2a denote a side of the given square and r the
radius of the circle equivalent to it ; that is, AB=2a.

OP=r. Then
04 = av?2,

and ME = (v/2 — 1)a.

Hence rT=a+ % (V2 ~ 1),

. a

Now according to the Sulba,!

11 1
V2 = e e =
2=1+ %97 " 3a3
5
T 408 '

= 14142156...

Therefore r = ax11880718...

The area of the transformed circle, employing the value
w=8'14159, will be 4-068987 x a? whereas the area of the
given square is 4a®. Hence the former result is too large.
On the degree of equivalence of the area of the given
square and of the circle into which it is transformed by
the above rule, there is a noteworthy observation of Apas-
tamba. He remarks,

sanityé mandalam :yavaddhiyate tavadagantu.2

According to the commentator Kapardisvami, the first
word of this passage is & conjoint compound of the two

1 Vide infra, p. 189.
3 dpsl, iii. 9.
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words sd and anityd. So that the above should be ren-
dered as, ‘‘ It is an inexact (anityd) (method of construc-
tion) ; by as much the circle falls short, so much comes
in.”” He hasbeen followed in this respect by Sundararija.
But the commentator Karavindasvimi thinks that the
correct reading of the passage will be sa nitya mandalam,’
etc. According to this reading, the observation appears
to imply that the method of construction is an exact
(nitya) one. But this commentator further thinks that
the method has been called ‘‘ exact *’ in a relative sense
inasmuch as it yields a result more accurate than that
obtained by any other method of circling the square
known in the Apastamba school. So he too finally comes
to the same point of view as that Kapardisvimi and
Sundararaja. )

Thibaut accepts as correct the reading of the text as
given by Karavindasvami but has discarded his further
explanation of the matter. So he renders the passage as:
‘¢ this line gives a circle exactly as large as the square ;
for as much as there is cut off from the square (viz., the
corners of the square), quite as much is added to it (viz.,
the segments of the circle, lying outside the square).’”’!
Biirk has closely followed Thibaut in this respect. The
interpretation of Kapardisvimi has been criticised by
Thibaut thus: ‘* But I am afraid we should not be justi-
fiedin giving to Apastamba the benefit of this explanation.
The words ¢ yavaddhiyate, etc.’ seem to indicate that he
was perfectly satisfied with the accuracy of his method and
not superior, in this point, to so many circle-squarers of
later times. The commentator who, with the mathemati-
cal knowledge of his time, knew that the rule was an im-
perfect one, preferred very naturally the interpretation

1 Thibaut, Sulbastitraé, p- 26.
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which was mors creditable to his author.’’! Kapardisvami
explains that the remark yavaddhiyate, ete., implies only
a nearer approximation but not exact equality.

Now it may be pointed out that a similar remark, viz.,
eganityd caturasra-karani

has been made by Apastamba as regards his method for
squaring the circle and which has been delivered by him
immediately following the above one.2 The same remark
is found also in the corresponding rule of Baudhiayana.?
Here Thibaut entirely agrees with the commentators in
breaking up the first word eganityd into csd anitya. But
Biirk falls out from him and takes the reading to be esd
nityd caturasra-karani. Thus he has kept up the consis-
tency of his opinion.

It is truly very difficult to conjecture now correctly
what was really implied by Apastamba by that remark,
whether he held that method of circling a square was an
exact or an inexact one. We may be, however, sure to this
exent that the interpretation of the orthodox commenta-
tors cannot be brushed aside as unlikely as is supposed by
Thibaut.

To transform a circle into a square.

Baudhayana says:

*“ If you wish to square a circle, divide its diameter
into eight parts ; then divide one part into twenty-nine
parts and leave out twenty-eight of these ; and also the
sixth part (of the preceding sub-division) less the eighth
part (of the last).”” *

1 Ibid, p. 21.

1 dpsl, iii. 3.

3 BSI, i. 60.

4 " qme wgew feRfaEwAE} WA FET WIASTAfiweT fera-
eifinfmR e € ysReaanitag | "—BY, i, 59,
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Thus if 2a¢ denote the side of a square equivalent to
a circle of diameter d, then

_d  [a _ fosd ¢ _ 4 D
=5 +[§ {8.29 + (G255 ~ a6 }

d d d /1 1
=d - — I o= ).
or 2a 8 T 829 82 ( 6 6.8)

Since d = 2r, where r is the radius of the circle,

T r T
T 820 T 8206 ' 829068
This result was probably obtained from the previous

one by inversion

smr o
8

a
=9 V2).
T 3 (2 + v2)
Therefore 2a = _8 d
2 +v2
Substituting the value of +/2, viz., 577/408, we have
1224
2a = ==_d.
4= 593"

Thibaut supposes that Baudhiyana then proceeded in
the following way: ‘‘ One-eighth of 1893 = 174} ; this
multiplied by 7 = 1218%. Difference between 12187 and
1224 = 5}. Dividing 174 (Baudhidyana takes 174 in-
stead of 174}, neglecting the fraction as either insignificant
or, more likely, as inconvenient) by 29 we get 6 ; sub-
tracting from 6 its sixth part we get 5 and adding to this
the eighth part of the sixth part of six, we get 5}. In
other words :

7,1 1 1
1224 =5 + 535 ~ 8206 T G068 O 198

(due allowance made for the neglected 4 ).’ ?

1 Thibaut, Sulbasttraes, p. 28.
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»
In the opinion of Cantor the senes was probably
obtained thus:?!

1224 _ 7 + 1 1 1 41

1803 ~ 8 ¥ 820 8206 ' 8.20.68 8.20.6.8.1598

The last term is nearly 4% of the term preceding it and
so may be neglected as being comparatively small.

Hence, we get

_ d a . 4 .
=% % g2 8206 ' 82968

Miller conjectures the procedure adopted to have
been as follows :2

3 ' Sv2 V2

3

20 = = = __. s

C= e T avera T r vl

_8 17-1/34 _ 51-3/34

2° 29-1/384 ~ 58-2/34
: _1m_ 1

since V2 = 1z 335" Now

51-38/84 _ | _ T+1/34
58—2/34 58—-2/34"

7+1/84 _ 1 56+8/34 _ ;( 1 - 2—10/34)
58-2/34 8 58-2/34 8 58—2/34

2-10/84 _ 1 2-10/84 _1(, _ 10/34—2/34.29

58—2/34 ~ 29" 2-2/34.290 29 2-2/34.29
10/84—2/84.29 _ 5-1/29 _ 1 80-6/29

2-2/34.29 84-1/29 6 " 34-1/29

1_( 1= 4+5/29
6 34—1/29

1 Qantor, Geschichte, I ,p. 643.
? C. Miiller, loc. cit., pp. 187 f.

19
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4+5/29 _ 1 32+40/°9 _ ( | — 2-41/29
34—1/20 7 8% 84-1/29 34—1/29
Thus we have
8 _,_L1L, 1 _ 1 (1_1)
2+ /2 8 8.29 829 \6 68 )"
1 2-41/29

T 820.68 "24—1/29°

The last term may be neglected as being too small.
Hence

Zo=d-5 + g5y “m(c‘"w)'

Alternative Method.

Another method of squaring a circle has been taught
by Baudhayana, Apastamba and Katyayana. It has
been explicitly admitted by all of them that this method
yields only a gross (anitya) value.

““ Or else divide (the diameter) into fifteen parts and
remove two (of them). This is the gross (value of a) side
of the (equivalent) square.’’!

That is to say,

()

or, a=rT i—,ir

The rationale of this formula seems to be this:2 Draw
the square ABCD circumscribing the circle and also the
gquare A'B/C'D' inscribed within it.

1 BS1, i 69. See also ApSY, iii. 8; KS§I, iii. 14.
2 Compare Miiller, loc. cit., p. 182,
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D c
]
Fig 73
Then apparently the area of the circle will be smaller
than the arca of the square ABCD ( = 4r%) and greater
than the area of the square A’B'C'D! ( = 2r2) ; that is
4r2 > Area of the circle > 2r2,

An obvious approximation will be

4r2 4+ 2r2
Area of the circle = —'——2—1—— = 3r2,

If 2a denote a side of the square equivalent in area to
the circle, we shall have approximately

4a2 = 3r2,
v3
a = T.

or, 5

But, it will be shown later on!

_ 26
57 15

up to the second order of approximation. Therefore

13 2

@ =qzr = T - {zT

v Infra, p. 195.
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[
Dvarakandatha’s Corrections.

Dvarakanitha Yajva has criticised with the help of
specific examples the Sulba method of squaring a circle
and its converse, as yielding only approximate results. He
has then proposed the following corrections to the ancient

formulae :1!
1
(V2 — 1)}(1—1-@ )

@) r={a +

L a
(@) 2“"‘{‘1"8“* 820 * 29(6 68)}

x(1+1~‘3
2 138 )

By the formula (i) the area of the transformed circle
will be nearly equal to 4:000344 x a2, the value of = being
taken to be 3:14159.

Value of =y
The above rules of the Sulba for squaring a circle and
vice versd, will work out the following values of 7 :

w| 8

4
1 = - — = 80883...
{1 + 3 (4/2 - 1)}
o 11 1
2 ==4 ( 1-g * 835782906 * 8.29‘6.8)

= 30885
8) « = 4(1 — &) = 8004

It will be noticed that nome of these values are fairly
accurate, as according to modern calculation 7=8-14159...

1 Pandit, Os8., Vol X, p. 2L.



BARLY HISTORY 149

In one instance Bm.tdh;‘ahyzmz;.1 has employed the value
of »=8. A better value of = is found in the Manavae
Sulba, which states that a square of two by two cubits
is equivalent to a circle of radius 1 cubit and 3 angulis.?
Whence

d) == 4(8)® = 316049
This value was given before by the Egyptian Ahmes
(¢c. 1500 B.C.). With Dvarakanatha’s corrections we
have

_ 4 118
4 ‘ (4/2—1)}2 (1L7

2
) = 3.141100...
+

Q|

4 ( 1 ]; - 1 : - 1 —
-8 Ts 29 ~ 8296 T 82068 )

1. L3y
"( ) 133)

= 3-157991...
Early Hislory.

It will be interesting to know the early history of the
problem of the squaring of the circle and of its converse,
the circling of the square, in India. Their origin dates,
as has been noted before, earlier than the time of the
Rg-veda (before 3000 B.C.). That was in connection
with the construction of the three primarily essential
sacrificial altars of the Vedic Hindus, namely the Gdrha-
patya, Ahavaniya and Daksinagni. For these three
altars had to be of the same area but of different shape,
the first circular, the second square and the last semi-
circular. Again, it has also been noted before, that

1 “guraer: vefiam:, favgafoaretta gooafa i ’—BSY, i. 112-8.
2 Masi, i 27,
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Garhapatya altar may h&'ve. according to certain
authorities, an alternative shape of a square, besides its
usual circular shape, but retaining the same area. The
earliest express reference to this tradition is found in
the Satapatha Brahmana (c. 2000 B.C.).! It appears
copiously in the Satra works.2 From the latter we also
learn of another ancient tradition that the Dhisnye?® may
be square or circular in shape but with thc same area
one square pisila. The form of an archaic variety of the
Smaéana-cit (‘‘ Fire-altar of the shape of the cemetery ')
is stated to be circular, according to some peoples and
square according to others. As regards its size. the
Satapatha Brahmana, after referring to the earlier opinions,
preferably approves of an area of one square purusa.*
Further instances of the early applications of the above
problems are found in the Taittiriya and other Sawmhita (c.
3000 B.C.)% in connexion with the construction of Eatha-
cakra-cit, Samuhyu-cit, Paricayya-cit and Drona-cit (alter-
native shape). In each of these cases, one has to draw
at first a square equal in area to that of the primitive
Syena-cit, viz., 74 square purusas and then that square
has to be circled.® This has been clearly described by
Baudhayana’ and Apastamba® and it was doubtless so

! §Br, vii. 1. 1. 37.

? BSl, ii. 61-3; ApSr, xvi, 14. 1; ApSI, vii. 5-6.

3 BSL, ii. 18; ApSr, xvii. 21. 5; ApSh, vii. 12-8; compare also
BSr, vi. 26. 29.

4 $Br, xiil. 8. 1. 5f.

§ TS,v.5.4.11. 2.

¢ Incaseof the Drona-cit, one-tenth of the transformed square
is first deducted and the remaining rectangular portion is transformed
again into a square and then circled.

7 BSr, xvil. 29; BS§l, iii. 183.

8 ApSi, xii. 12,
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before.! We occasionally meet with other instances of

this kind in the earlier Hindu works.?

Biirk has observed: ‘‘ I shall only emphasize the fact
that the Indians must have understood really in the
time of the Taittiriya Sarhitd, how to solve the problem
of the circling of the square (although on very primitive
methods). 3

1 Compare ulso Biunk, ZDMG, LV, p. 548.
2 IpSr, xvi. 4. 7.
1 ZDMG, LV, p. 548,



CHAPTER XII
SiMILAR FIGURES

It has been observed before that in the sacrificial
rituals of the early Hindus it is oftentimes necessary to
construct an altar differing in area from another by a
-specified amount. For instance, the Sautramaniki-vedi is
stated to be equal to one-third of the Mahavedi * and the
vedi of the Advamedha double the latter.®* The Laksa-
homa-vedi and Kotihoma-vedi are respectively four and
twenty-five times the Pakayajiiki-vedi.® Again it is said
that the primitive Fire-altar, Caturasra-éyenacit, should
have an area of seven and a half square purusas at the
time of the first construction, At the second construction
its area shall have to be 8 square purusas; at the third 95‘
square purusas. In the same manner the area of the Agni
should be increased by one square purusa at each succes-
sive construction up to 1014 square purusas. The earliest
reference to this mode of increment of the Agni, as has
been stated before, is found in the Satapatha Brahmana.*
And the practice continued during the succeeding
ages.® Now it is the strict injunction of the Sruti,
that the primitive shape of the Fire-altar must not be
disturbed during the course of successive constructions.®

BSl,i.85 ; ApSl, v.8,9; KSr, xix. 2.2; KSI, ii. 19.

ApSl, v. 10; ApSr, xx. 9.1,

MaS!, ii. 6.

$Br, x. 2. 3. 6 f.

BSI, ii. 1 f.; ApSr, xvi. 17. 15. 16; ApSl, viii. 3, 4; KSI, v. 1 8,

Compare what Apastamba remarks : ‘‘A change in the form of
the Agni would be against the injunction of the Srut:.'’ (Ap8l, viii. 6.)
According to Satapatha Brahmana, those who deprive the Agni, of its
due proportions, will suffer the worse for sacrificing (x. 2, 8. 7).

@ N e W e
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?

Consequently in the science of the altar-construction
there arose the necessity of constructing similar figures.

Now the shape of the Mahdvedi is that of an isosceles
trapezium whose altitude is 86 prakrama (or pada), face
24 prakrama (or pada) and base 30 prakrama (or pada).
Hence the Sautramaniki-vedi and the vedi of A$vamedha
will be of the shapes of isosceles trapeziums similar to it
but in size one-third and double of it respectively. Thus
we have the two following propositions :

(i) To construct an isosceles trapezium similar to a given
isoscelcs trapezium but with a third part of its area.

Construct an isosceles trapezium, says Apastamba, in
the same way as the given isosceles trapezium (Mahdvedi)
but * with 1/y 3 of a prakrama being substituted for a
prakrama therein; or with8 and 10 times 4/ 3 as the trans-
verse sides and 12 times /3 as the east-west lins.”’1
This will be the required isosceles trapezium (Sautramani-
ki-vedi). -

For the area of the constructed figure

36 1 24 30 )
= v s\ tys )

1
3 X 18 x 54 = 324 square purusas ;
or = 1243 x (843 + 10¥3),
= 324 square purusas.

Thus it is equal to one-third of the area of the given
isosceles trapezium, which comprises 972 square purusas.
The same construction is suggested also by Katyayana.2

1 Apsi, v. 8.
? KSl, i 19.

20
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(%) To construct an isosceles trapezium similar to a
given isosceles trapezium but with double its arca.

The method of construction of the new isosceles
trapezium will be the same, says Apastamba, as that of
the given isosceles trapezium but here ‘‘ +/2 of a prakrama
should be taken in the place of a prakrama therein.’’!
That is taught also by Baudhiiyana.? Then the area
-of the new figure will be

= 36v2x 4 (2442 + 30+/2) square purusas,
= 1944 sqhare purusas,
Hence it is double the size of the given trapezium (Maha-
vedi).,

It is thus clear that the principle underlying the early
Hindu method of construction of an isosceles trapezium
similar to a given one but of n times the size of it, n
being integral or fractional, is practically the same as that
of the given one, only the unit of measurement of the
latter being replaced by another +n times it.? This
principle they adopted systematically for the construc-
tion of similar figures of more complicated shapes. even
when the change in the size does not bear a simple relation
to the size of the given figure. Thus arose the proposition :

To construct a Fire-altar similar 1o that of the shape of
a falcon, but differing from ils primilive area of 7§ square
purusas by m square purugas.

Baudhayana gives the following solution of this propo-
sition :

¢ Divide that which is to be the difference from the
original (given) size of the altar into 15 equal parts; add

b ApSl, vi. 1,
2 BSr, xxvi. 10,
3 Compare BSr, x. 19,
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to each of the (constituent) portions (vidha, that is, units)
of the given figure two of these parts. Then construct
a figure (in the same way as the given one) with 74 of
these (altered) units.'” 1

The geometrical operations to be followed in this
method of construction are shortly these:2 At first
is drawn a square of an area equal to m square purusas.
It is then divided into 15 equal parts. This may be done
either by dividing one side of the square into 15 equal
parts and then drawing lines parallel to the perpendicular
sides, or by dividing one side into 3 parts and a perpendi-
cular side into 5 parts and then drawing parallels. Two
of the rectangular portions are then combined into a
square and to that is again added a unit square purusa so
as to form a third square. A side of this resulting square
will be easily found to be +'1+ 2m/15 purusas long.
With this length as the unit, construct an altar in the
same way a8 the original falcon-shaped altar. This will
be the required figure. For its area will be

2m
7.5x(l +—1,—5’) or (7%-&- m)

square purusas and its shape will be clearly similar to
that of the given figure.

A similar method is taught briefly by Apastamba:

** For the eight- and other-fold Agnis, that by which it
differs from the area of the seven-fold (Agni), should be
divided seven (and & half) ; then one part should be
added to each (original) purusa.’’ ?

‘. For the purpose of adding parts (in puruss) to the
(seven-fold) Agni together with its wings and tail, take

B4, ii. 12.
Compare also Thibaut’s notes on the above,

[OR -

a ySl, viil. 6.
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for the (new) purusa, the (orifinal) purusa increased by
the seventh-fold producer of the increment. Then con-
struct (in the same way as before).”’ ! :
The method has been explained more fully by
Kityiyana. His procedure is, however, slightly different
+ from that of other writers, Katyiyana says:

‘“ For the purpose of adding a square purusa (to the
original faleon-shaped Agni), construct a square equivalent
(in'area) to the original Agni together with its wings and
tail; add to it a square of one purusa. Divide the sum (i.c.
the resulting square) into fifteen parts and combine two
of these parts into a square. This will be the (new) unit
of square purusa (for the comstruction of the required
enlarged figure).’’ 2

In other words the enlarged square unit is

2( ) 2
20 4+ 1 1+ 2,
g\t 1) or 1+

Or the new increased unit will be obtained thus, says
Kityayana:

¢ Divide a square of one purusa into five parts both
ways (by lines drawn cross-wise); combine five of the
resulting elementary parts into & square; subtract from
the sum one-third of it; add the remainder to one square
purusa. This is another method (of determining the
enlarged square unit).” *

1 Ibid, ix. 5. Note the difference between the commentators and
Biirk about the correct interpretation of these two rules of Apastamba.
1 think on the whole the orthodox interpretation to be more fair and
consistent with the intention of the Sruti. For any other interpretation
would disturb the similarity of the altar at successive constructions
which is expressly forbidden.

2 KS1, v. 4.

3 KSli, v. 6.
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Thet is, the enlarged squate unit is

‘ 5 1 5 2
1 (s = 5mes) & o
square purusas. He gives a still third method :

*“ Or divide a square of one purusa into seven parts
both ways (by lines drawn cross-wise); combine seven of
the (resulting elementary) parts into a rectangle, subtract
from the sum (a rectangle) 1} angulis by one purusa.
Add the remainder to one square purusa. This is another
method.”’ 1
Thus it follows that the increased square unit will be

7 13
1 "‘(‘7&"7’ - x5 ) or 1+ 125
square purusas, as before.

If the number of square purusas (m) to be added to
the original area of the Agni (7 square purusas), be an

*exact multiple or submultiple of i, the geometrical
operations are much simplified. For if m=nx74, where
n may be integral as well as fractional, then the length
of the new unit will be easily obtained to be equal to
~1+n purusa. Thus it is the (14n)th karani of a purusa,
as has been stated by all the Sulbakaras.

This kind of increment is called sarvabhydse (or ‘* the
increment by the whole ’’) in contradistinction to the
other which is called purugdbhyasa (or ‘‘ the increment
by purusa '’).2

1 K81, v. 8.

2 KSI, v. 2,8, These terms are sometimes used also in a different
sense. According to it the first term signifies the increment of all
the parts of the Agni and the second only that of the complete purusas
in the hody, wings and the tail, but not the two aratnis and the prédess
(ApS1, xxi. 7, 10; ES1, v. 4).
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The above principle of (he enlargement of a Vedi or
an Agni by increasing the length of the unit of measure
but without altering the numbers representing the
spatial magnitudes, so as to keep the form similar to
the original one, is found as early as the Satapatha
Brahmana (c. 2000 B.C.). It says, ‘‘ as large as the
Agni (is to be made), so large (should be made) its units
of measure; and by so much one measures it in the
same way (as before).”” ' To construct a Vedi 14 or
14§ times as large as the Mahdvedi, and which will be
similar to it, this Brahmana says:

‘“ As much this redi of the seven-fold Fire-altar is.
making fourteen times, so much, one measures the wvedi
of 101-fold. Or then he measures (by means of) a cord 36
prakramas long ; folds it into 7 equal paris; of these three
parts he adds to the east-west line and throws out 4. Then
he measures 30 prakramas; folds them into 7 equal parts;
of these three parts he adds to the hind (transverse line)
and throws out 4. Then he measures 2: prakramas;’
folds them into 7 parts; of these 3 parts he adds to the
front (transverse line) and throws off 4. 'This, then, is
the alternative measurement of the (enlarged) Vedi.” ?

Here two methods are to be discerned. According to
one, it is required to construct a vedi 14 times as much
while according to the other 147 times as much.® The
operations implied are doubtless as follows:* The altar-

1 §Br, x. 2. 1.3, 11.

2 Ibid, x. 2. 3. 7-10.

3 That is, the Maliared? on which the primitive Fire-altar is raised,
is enlarged in proportion to the size of the latter. Now there are two
opinions (vide infra) as regards the method of construction of the
maximum Fire-altar. According to one the latter becomes 14 times
the Sapta-vidha Agni, while according to the other 14} times. The
Mahavedi is enlarged in the two schools accordingly.

4 Eggeling's explanation (SLE, Vol. XLIII, pp. 310-311, footnotes)
is obviously erroneous. That will make the ved: too great.
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»

builder should at first comstruct a square of sides 36
prakramas each. Fourteen such squares should be com-
bined into a large square. A side of the resulting
square, which is clearly equal to 36+/14 prakramas,
is taken for the east-west linc. Or otherwisc a smaller
square should be divided into the 7 equal rectangular
portions by drawing lines parallel to a side of the
square ; the rectangle comprising three of these
strips  should be transformed into a square and
then combined with the former larger square. A side of
the resulting square, which will be easily recognised to be
equal to 86414} prakramas, is taken for the east-west
line of the enlarged vedi to be constructed. By the same
kind of operations, the face of the new vedi is obtained
to be 24 147 prakramas and its base 30+143 . So that
the size of the new vedi will be 14% times that of the
Mahavedi and its shape similar to that of ths latter.

The following method has been taught for the con-
struction of a falcon-shaped Fire-altar. 14 or 142 times
as large as the primitive one and similar to it.

** Now the construction of (the enlarged forms of) the
Ayni: Twenty-eight (square) purusas are in front and
twenty-eight (square) purusas behind; this is the body
(of the Agni). Fourteen (square) purusas form the
southern wing; fourteen the northern wing and fourteen
the tail. Fourteen aratnis (ineaning, a length equal to the
side of a square comprising fourteen square aratmis (i.e.,
+/14 aratnis) is added to the southern wing; fourteen arat-
nis to the northern wing; and fourteen vitastis (meaning,
a length equal to the side of a square of fourteen square
vitastis, i.c., +/14 vitastis) to the tail. This is the measure-
ment of (the Agni of) 98 square purusas with a little excess
(due to the increment of the wings and the tail). Or again
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he measures (by means of) a cord three purusas; folds it
into seven (equal) parts; of them four parts he adds to the
body and three to the wings and tail. Then he measures
an aratni; folds it into seven parts; of them three parts he
adds to the southern wing, three to the northern wing
and throws off one.! Then he mesasures a vitasti; folds
it into seven parts; of them three parts he adds to the
tail and throws out four. Thus is constructed the 101-fold
(Agni) and it corresponds with the vedi of this.”” 2

The geometrical oi)er&tions intended to be performed
in this case are similar to those indicated in the previous
case. Here also are to be discerned two methods for the
construction of the Ekasata-vidha Agni or the Fire-altar
of 1013 square purusas. According to the first method
each unit of measure is +/14 times the unit of measure
employed in the construction of the primitive Fire-altar
of 7% square purusas, while according to the other, prob-
ably the more ancient one, it will be 4143 times. Though
the principle of similarity of shapes is perfectly main-
tained in either methods, as regards the size, they of
course yield only approximate results. For 73x14=105
square purusas ; 73x142=108); square purusas. The
rationale of these results we shall indicate in the
next chapter. We should but mnote here that as
the second method  yields a result more deviating from
the correct and desired one, viz., 1013 square purusas, its

1 The printed text has catura meaning *‘four.” 1t is obviously
wrong. So I have amended it to *‘ one.”

3 $Br, x. 2. 8. 11.14. Eggeling's rendering is erroneous.

3 The second method seems to have been meant in the beginning
for an enlargement on the second plan, to be explained shortly. 8o
that it is only by mistake that it was employed for the enlargement
on the first plan,
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correctness was challenged ev.en before the time of the
Satapatha Brahmana (c. 2000 B.C.).

‘* As to this they say, ‘as seven! (square) purusas have
exceeded, how is it that they do not deviate from the
right total (sampad, which the altar ought to have).’ *’

The change of the representative number is strictly
forbidden in this work, as that will disturb the principle
of similarity of the forms. It observes:

‘‘ Now some intending to construct subsequent (larger)
forms (of the Agni), increase (the number of) these
prakramas and vyamas, supposing, ‘ we shall enlarge the
womb (yoni) acecordingly.” One should not do so; for the
womb does not increase along with the child that has been
born; but indeed only as long as the child is within the
womb, so long does the womb enlarge; and this much
again is the growth of the child here. Those who do it in
that way, certainly do they deprive this Father Prajapati
of his perfection (sampad; that is, due proportions).’’ 2

In the foregoing methods of enlargement of the original
size of an altar, it will be observed, .all the constituent
parts of it receive increments in equal proportions. But
sometimes an altar, particularly the falcon-shaped one,
is enlarged on an entirely different plan. According to

1 The printed text has trayodasa or *‘ thirteen.”” It seems to be
a mistake. For it was intended to construct a Fire-altar having an
area equal to 101} square purusas. Now the method adopted produces
one with an area of 1084; square purusas. So108y; — 101} or 6%
square purugas are in excess. In round numbers this might be stated
as equal to 7 square purugas. But ‘‘ thirteen '’ cannot be justified.
So I think that here again the text should be amended to sapta or
‘“ seven."'

* $Br, x. 2.8. 6-7. In this metaphor, the Agni, as usual, is called
the Fatber Prajapati; his child is the unit of measure employed; and
the womb is his form and hence the numbers representing the spatial
relations of that form (¢f. $Br, viii. 6.8.12; x. 2.3.8). This passage
hus been referred to in the aphorism vi. 4 of the Katyayana Sulba,

21 '
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€
it, certain parts of the altar, such as the complete purusas

in the body, wings and tail of the falcon, are enlarged
proportionately, while the rest, the two aratnis and the
pridesa by which the wings and tail were lengthened
fundamentally, are left unaffected. This plan of enlarge-
ment of the falcon-shaped altar has been noticed by all
the three principal Sulbakaras. It is particularly advo-
cated by the tradition of one school as necessary for the
‘altar of the Horse Sacrifice. Other schools, however,
follow the general plan of proportionate increment of all
parts in that case too.!

We have so far considered the construction of figures,
particularly isosceles trapeziums, similar to a given one
and differing from it in area by a specified amount. It
is sometimes also necessary to construct a figure, similar
to another and having a given side. For instance, the
Ekadasini-vedi is stated to be similar to the Mahdvedi
and is indeed an enlurged form of it.2 It is socalled
because it must have, according to the injunction of
the scriptures, eleven (chddusa) sacrificial posts (yiapa)
in front. It is further prescribed that the two posts on
either sides of the middle one must be at a distance of
one akga (=104 angulis) and four angulis from it and the
rest arc an aksa distant from each other. Each post
has a diameter of one pada. Hence the east side of the
E¥adaéini-vedi is 10 aksas 11 padas 8 angulis long. Thus
it is required to construct an isosceles triangle similar to
the Mahdvedi and having its face equal to this length.
Again, according to Baudhiyana, the shape of the
Aévamedha-vedi is similar to the Mahavedi and has 21
yipas on the east side, that is, has a face of 20 aksas
21 padas 8 angulis long.

1 BSl, ii. 8 f.; iii. 321.3; ApS$!, xxi. 6-10; KSI, v. 7.
2 BSI, . 106 ff.
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The method of construction to be adopted in these
cases ig indicated by Baudhayana thus:

‘“ For that (Ekadadini-vedi) take the twenty-fourth
part of 10 aksas 11 padas 8 angulis; this will be the
prakrama and with this (altered unit), the »edi has to be
constructed (in the same way as the Mahavedi).”’ !

‘“ For the Advamedha-vedi take the twenty-fourth part
of 20 aksas 21 padas 8 angulis; this will be the prakrama
and with this (modified unit), the vcdi has to be con-
structed (in the same way as the Mahdvedi).”’ 2

The face, base and altitude of the Mahavcdi are given
respectively to be 24, 30 and 36 prakramas in length.
If a, b, ¢ be the corresponding quantities of a similar
figure, we shall have

a _ b _
24~ 80 36

— a’ v — a
vma(n) o= (3,

This is equivalent to the change of the ordinary unit to
a/24 times it, where a is the given length of the face of
the figure to be constructed.

A similar method will bhave to be followed in con-
structing an isosceles trapezium similar to a given one
and having a given altitude.®

These methods are also taught by Kiityiyana.4

It may be noted that Apastamba’s method of con-
struction of several altars by employing the rational
rectangle (15, 36, 39) by successively varying the units,
is obviously equivalent to the construction of a system

c .
¢ 2

' BSI, 1. 107 ; vide also BSr. xxvi. 23,

2 BS§l,i.108; tide also BSr, sxvi. 10.

3 BS!, i. 109-10.

4 KSI, vii. 1.8; compare KSr, viii. 8,22,
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of rectangles similar to it. Indeed the science of the
altar-construction requires the drawing of (a system of)
similar rectangles, triangles, rhombpids, circles and
other figures. For the enlargement of altars of those

shapes involves it.



CHAPTER XIII
GEOMETRICAL ALGEBRA

The geometrical constructions described in the pre-
ceding chapter are of considerable algebraic significance.
They indeed form the seed of the Hindu geometrical
algcbra whose developed form and influence we notice as
late as in the Bijaganita of Bhaskara 11 (born 1114 A.D.).
The first plan of enlargemént of a figure in which all the
constituent parts are affected in equal proportions, leads
to the quadratic equation of the type

az? = c.
The second plan leads {o the complete quadratic equation
ax2+bx = c.

Let x denote the length of the enlarged unit of purusa
and m denote the total increment in area. Then, in the
case of the enlargement of the isosceles trapczium on the
first plan, we shall have

or 972z2 = 972+ m.

2 — m
Therefore x 1+ 575
Hence z=v1+m[972 °

If m = 972(n—1), so that the area of the enlarged

trapezium is n times its original area, we get
z =+n

»

as given in the Sulba. The particular cases, whenn =
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14 or 14, are found as early as the Satapathe Brihmana

(c. 2000 B.C.).!
For the enlargement of the falcon-shaped Firc-altar
on the first plan, we get the quadratic equation

Or x 2x + 2<< 1:x(.1'+f>§ + wx( :c+i% ) = T3+m,

( 5
or 15‘1"2 =17 1 + m.
2 2
Therefore 2 _ 2m
x = 1+ S-= R
15
2m
Hence = A / 1+ .

In particular, when m =94, that is, when the Fire-
alter has its maximum enlargement permissible under
the Sulba, we have

r? = 13?, = 14, approximately
5)

as found in the Satapatha Brahmana (vide supra),

In the case of the enlargement of the falcon-shaped
Fire-altar on the second plan, the geometrical operations
are equivalent to the solution of the following complete
quadratic equation :

2ex2r + 2{rx(x+ D} + rx(@+ ) = T5+m.
or TrZ+lz = T)+m.

Completing the square on the left hand side, we get
(Tz+ )2 = ~—~~6a+7m

1 $Br,x.2.3.78. Vide supra pp. 158 {.
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L]

Therefore T = §1§( V841 +112m — 1), . (D
1 f c 56m .

= 1Jog bm N _4 ¢,

2 | (r+ gt )1

2m

29’

1+

neglecting higher powers of m. Thereforec we have

4m

72 = 1+ 5 approximately, ... (2)

Kiityiiyana says:

““Or for the second and following constructions, in-
crease (the usual unit of) the (square) prakrama by itself
for every seven constructions; so that (at each successive
construction) take for the prakrama, the original value of
the prakrama enlarsed by its one seventh.”’!

So that, according to him, the enlarged unit (z2?)
will be

< m
2 =1+ —; ... (8)
7
whereas a more accurate value has been proved above
to be

[N

=1+ ,’% approximately, .o 2)
4

In particular, when the Fire-alter has ite maximum
enlarged form of 101} square purusas, we have
Th+m = 101}
Substituting in (1), we get

r = ;8( V11369 —1).

v K&, vi. 8.
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1. T
2 = — 2411369 ).
Hence z 784(11370 2411369 )
5 ARG 133 .
Now V11869 = 106 + 519 ’ approximately,
‘ 1 - 79
2 — : I
Therefore = 784( 11156 + 106 ).
19159
=14 + ,
83104
3
=14 + '-1;543“—
19159
Hence z2 = 14 + %, approximately e (@)

Katyayana gives a nearly equal value,

22 = 14+?T . (5)

He says:

‘“ The side which turns out a square of the area four-
teen and three-sevenths (square) prakramas will be the
length of the prakrama for the 101-fold (Fire-altar).”’ 1

It is not at all easy to determine the rationale of
Katyayana’s formule (8) and (5), whether they were ob-
tained in the way indicated above by the method of the
solution of a complete quadratic equation, or in any other
way. It is found that there are discrepancies between the
results calculated by the former method and those found
in the extant copies of the manuscripts of his works.
How to explain them? Whether by the crudeness of his
method of solving the quadratic equation or of the

1 KSt, vi. 2.
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calculations attendent on it,! if he had at all followed that
method, or in any other way? Now the discrepancy need
not be considered very serious in the general case, especi-
ally if we remember the degree of accuracy that can be
naturally expected in those early times, or that is
ordinarily found to have been followed then. Even in
modern times 7 will be considered to be a very fair
approximation to 7}. What will appear to be serious is in
the other case which requires an emendation of the exist-
ing text in order to explain away the discrepancy with the
result caleculated as above. But, we would remark, that
by itself should not be considered a very formidable objec-
tion against our hypothesis as regards the method of
Kityayana. For those who have dealt with ancient manu.
seripts are quite aware that they doubtless require emenda-
tions here and there. That discrepancy can be explained
away much more easily and reasonably by supposing that
the result (5) was derived from the modified result (3) by
substituting the value, m = 94. but was not calculated
directly from the equation (1) as we have done above.

It should be noted that the relevant portions of the
existing manuscripts of the Kdtyayana Sulba might be
considered to be quite correct and his results extremely
accurate if we follow a certain interpretation of the text.
Let us suppose that (1) the term ekadata-vidha means
‘ the construction (of a Fire-altar having an area) of 101

! Tt should be noted that the result (4) does not follow, quite con-
trary to expectations, from the equation (2), on the substitution in the
latter of the value, m=904.

4 x94 28
‘(9 13 =
29 3 29
This is too less than the value (5) recorded by Katyiyuna. 'That
is why we started by substituting m=94 in the equation (1). This
shows that the progess of calculation has much to account for.

22

2 =1+ = 14, approximately,
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(square purusas),’”’ and (2) that the area of 101 square
purusas comprises only the complete purusas in the altar,
not including the two aratnis and the pradeéa. Then the
algebraic representation of the second method of enlarge-
ment of the primitive falcon-shaped Fire-altar will be

722 = 7T+m.

Therefore 2 =1+ ’%.

And in the particular case of the maximum enlarge-
ment, we shall have

7z? = 101.
Qo __ 3
Hence x? =14 .

Thus the results come out cxactly to be the same as
are found in extant MSS. According to this interpretation,
the construction of the enlarged altars does not even in-
volve the solution of the complete quadratic equation.

We shall now proceed to examine how far the above
interpretation can be held to be correct. It should be
opposed mainly on three grounds: Firstly, the supposed
interpretation of the term ckaéata-vidha as meaning the
construction of a Fire-altar of an area of 101 square puru-
sas is very unusual. Indeed, according to all the Sulba
and also the Satapatha Brihmana that term must always
refer to an area of 1014 square purusas. Similarly, it is
known, that sapta-vidha always refers to 74 square puru-
sas, asla-vidha to 8) square purusas and so on. Secondly,
for that interpretation the stipulated area of 101 square
purusas has been assumed to be comprised of the area of
the complete purusas in the body, wings and tail of the
falcon-shaped Fire-altar, in exclusion of the two aratnis
and the pridesa in the latter. Therefore in that case the
area of the complete altar, all told, will be greater than
101} square purusas. But the maximum extent up to
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»
which the Fire-altar is sanctioned to be enlarged by
successive constructions is 101} square purusas. Thus
Baudhiayana expressly remarks:

‘“ The first (i.e., when constructed for the first time)
Fire-altar has an area of seven and a half square purusas.
The second contains eight and a half ; the third, nine and a
half. In this way, the addition of one purusa takes place
at each successive construction up to the ckasata-vidha
(i.e., ‘the construction including an area of 101} square
purusas ’).  After that, the ckadata-vidha Agni should be
repeated (without making any further enlargement of it.)
Or else the sacrifice should be performed without an
Agni.’)

Satapatha Brahmana says:

““ Some say, ‘eka-vidha Agni should be constructed
first; then by an increment of one (square purusa) suc-
cessively up to u construction of unlimited size.” One
should not do so. The Prajapati (i.e.. Agni) was created
first as supta-vidha indeed. Proceeding to reconstruct
himself, he stopped at the e¢kasata-vidha (‘a construction
comprising 101} square purusas’). He who constructs (a
Fire-altar) smaller than the sapta-vidha, cuts asunder this
Prajapati: he voluntarily becomes a sinner as one would
be by destroying or injuring his better. Again one who
constructs (a Fire-altar) exceeding the ekasata-vidha, he
proceeds beyond all these (visible Universe), for the Praja-
pati is this Universe. Hence one should first construct the
sapta-vidha and then by the increment of one (square puru-
sa) in succession up to the ekadate-vidha. Bub one should
not construct in excess of the ckaéata-vidha. Thus he

! BS&1, ii. 1-7. Compare also ApSI, viii. 3; KSr, xvi, 8.25; KS!,v. 1;
vi. 4 ; ApSr, xvi. 17. 16-6. In this last work Apastamba has expressiy
referred to the tradition of the Vajasaneya school (i.e., to the Satapdatha
Brahmana) on this point (vide below).
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neither cuts asunder the Father Prajapati, nor does he
proceed beyond all these (the Universe).”’ !

So the above interpretation stands in direct contradic-
tion with the injunctions of the early scriptures.

Thirdly, the practice of the mention of an altar by re-
ference to the area of a part of it, as has been supposed
for the above interpretation, is unknown in the Sulba and
earlier literatures of the Hindus. Thibaut once thought
that such a thing had been implicd in a certain rule of
Baudhayana. He says, ‘* But according to the above
sitra® and its commentary the Aévamedhika Agni was of
a different nature. It had to comprise twenty-one puru-
sas not including the lengthening of the two wings by one
aratni each and of the tail by one pridesa, so that its
atman consisted of twelve square purusas, its wings and
tail of three purusas each. A proportional increase of
the two aratnis and the prideda would amount to 13
square purusas and then the agni would no longer be ‘eka-
vimsa’ as the $ruti demands. Therefore the wings were
lengthened only by the regular aratni (of 24 angulis) and
the tail by the regular prideda (12 angulis). so that the
increase of the agni caused thercby remained less than
one square purusa and the agni preserved its character of
ekaviméa.”” * Thibaut has been followed in this matter by
Birk.* They are clearly in error.? For the sitra they had
in view says absolutely nothing about the actual size of
the Aévamcdhika Agni. The commentator Dvarakanatha

1 §Br, x. 2.8. 17-8.

% The reference is to the following sidtra of the Baudhayana Sulba
(iii. 821) : “ wrgdfym@y . geparg) acfagRma 1

3 The Pandit, New Series, Vol. I, p. 769.

4 ZDMG, LVI, pp. 355 fi.

5 Eggeling was wrong in supposing that ekavimsa Agni means ‘‘an
altar measuring twenty-one man's length on each of the four sides of
its body.” (SBr, V, p. 334, fu. 2.)
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»
Yajva truly took the area of the Fire-altar to be 211 squars
purusas. His use of the trikarani of a purusa in the con-
struction can be more easily and satisfactorily explained in
a way different from that supposed by Thibaut and Biirk.
Now as regards the size of the Aévamedhika Agni,
Kityiyana states clearly : “‘(It) is twice or thrice (the arex
of) the primitive Agni or twenty-onefold (ekavimsa-
vidha).”’!  Such is also the opinion of the other Sulba-
karas as well as of the Brahmana.2 Satapatha Brahmana
mentions also of a particular school, according to which
the total area of the altar should be 12} square purusas.®
As regards the method of cnlargement of the primi-
tive falcon-shaped altar of 74 square purusas by
which we are to arrive al the construction of the altar
for the Horse Sacrifice having the specific area sanctioned
for it by the scriptures, one school advocates the propor-
tional enlargement of every part of the comstruction, while
another school the similar enlargement of only those parts
which comprise the complete purusas, excluding the two
aratnis in the wings and the priadesd in the tail. For an
altar with an area of 15 or 22} square purusas enlarged on
the first plan we shall have it will be easily found, to
take the dvilkarani or trikaruni of a purusa and proceed in
the same way as in the construction of the primitive Agni.
For an allar with an area of 21} square purusas enlarged,
but according to the second plan, the algebraic equation
will be
7z2 + 3z = 213.

Therefore = = ‘218(~/2409 - 1).

1 KSr, xx. 4.15; K81, v. 2-8.

2 BSI, iii, 8 ff. ;iii. 331 f. ; ApSI, xx1. 6, 9; ApSr, xx. 9.1 ; $Br, xiii.
8.3.7 ff,

3 $Br, xiii. 3.3.9,
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L

Hence z? = 7_%1 (2410 — 24/2409)
7

1 o 4 .
784( 2410 2 x 49@ ), approximately
—a _ 123
2401

Therefore we may take ns a very near approximation
x2? = 8. And that is what Dvarakanitha Yajva has done !
We do not think it to be fair to him to interpret him other-
wise as Thibaut does.

For the above reasons we discard this latter interpre-
tation of Katyayana's rules and hold that the comstruction
of altars enlarged according to the second plan noted
above and which is used to be followed in a certain school
of the Brahmana, does undoubtedly depend preliminarily
on the solution of the complete quadratic equation,

wr? + bz = ¢,

and further that Katyayana's results were obtained in this
way. Milhaud is stated to have arrived at the former
conclusion before.2 His article is unfortunately not
available to me and so I do not know the arguments
adduced by him.

It may be noted that the commentator Mahidhara is
of no help to us about this knotty point of the enlarge-
ment of the Fire-altar. According to his interpretation of

1 We obtain nearly the same result from the equation (2). For
putting m = 14 (= 21} — 73) in it, we get

2
N -
z? = 8 — 29 3, nearly.

? @. Milhaud, ‘*La Géométrie d'Apastamba,’”” Reowe génerale des
Sciences, XXI, 1910, pp. 512-520 ; quoted by Professor D. E. Smith
in his History of Mathematics, Vol. 11, p. 444 fn.
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i ?
Katyiyana's rules, the area of the Fire-altar after an incre-

ment of m square purusas will be 7§ x < 1+ 1—7;. ) square
purusas, This interpretation evidently assumes a propor-
tional enlargement of all the constituent parts of the
primitive Fire-altar and hence should be discarded as being
directly against the express intention of the Sulba. Another
objection against it will be that the area of the Fire-
altar at the final construction (the ninety-fifth construc-

tion) according to it will be 74 x ( 1 +97_4 >or 108 1%‘ square

purusas and hence much in excess of the maximum
enlarged area, miz., 101} square purusas, permissible
under the Sulba., Weber ! informs us that such a
method of enlargement of the Fire-altar is found in the
Paddhati of Yajnikadeva. Its origin seems to be in the
Satapatha Brahmana.? But it was criticised and chal-
lenged even then.® I cannot give the opinion of the com-
mentator Rima on this point as the relevant portion of his
commentary is not available to me at present.

The solution of the quadratic equation in its simpler
forms is required in connexion with the enlargement of
altars followed in a different school Aeccording to that
school, we are informed,* the altars with areas 1%, 24,...
63 square pususas should be of the square form. So it
will then be necessary to construct a square differing
from another by a specified quantity. Now we find in the

1 A. Weber, Indische Studien, XIII, p. 240 f.
2 §Br, x. 2. 8. 11-14,

3 S$Br, x. 2. 8. 15-6.

4 B, iii. 319.
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Sulba, the following general rule for the enlargement of a
square :
“* Add on the two sides (of the given square), those
(two rectangles) which are described with as much as the
_increment (of the side of the square) and its side; add
further at the corner, the square which is produced by
that increment.’’ !

G F
D, =_.
i } :
j }» |
! a |
! |
, o
A 3 E
Fig 74

Let ABCD be the given square. Suppose its side is
to be increased by the amount BE, say. Add to the sides
BC and DC two rectangles CE and C@ each of which is
equal to AB.BE. Also add at the corner C, the square
CF equal to the square on the increment BE of the side
AB. Then AEFG is the square on the enlarged side AE.

This is the analogue of the algebraic identity,

(a+b)2 = a%?+2ab+b2,

Now we shall apply this result to enlarge a square of area
a2 by m square purusas, say. If » be the increment of a
side, then by the above rule

22 + 2ax = m,

or z2 + 2az + a? = a2 + m.

! ApSl, iii. 9. Compare also BSI, iii. 192-4.
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]
Therefore z= = +a2+m — a.

The geometrical method of the transformation of a
square (cZ) into a rectangle having a given side (a}, which
has been described before, is obviously equivalent to the
solution of the linear algebraic equation,

ar = c2.



CHAPTER X1V
INDETERMINATE PROBLEMS

In the Sulba we find the solution of certain very
interesting indeterminate problems. Some of them follow
directly from the geometrical constructions made therein;
others have been tacitly assumed for that purpose. We
shall here notice the more important ones amongst them.

Rational Right-angled Triangles.

The formuls of Katyayana to find the sum of n equal
squares of sides a each amounts to

- 2 2
a?(yn)? + ag(?—‘)—l) = u,2(7»l—;;l )

Putting m? for n, in order to make the sides of the right-
angled triangle free from the radical, and dividing out by
a? we get

m2—-1\2 2.41\2
"‘“( ] )=(-m2 ) @
as the solution of the indeterminate ecquation of the
second degree

z? + y? = 22, (A)

If the sides of the right-angled triangle are to be integral
as well as rational, m must be odd. According to Proclus
(0. 450 A.D.), this solution was known to Pythagoras (c.
540 B.C.).

A still more general solution of (A) which includes the
solution (I) as a particular case, is furnished by the
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method of transformation of % rectangle into a square. Tt

is this:
-\ 2 m—n \2 m+n \2
/ = AR
mn ) ( 2" ) ( 2 ) ’

wherc m, n are any two arbitrary numbers. Substituting
p?, ¢* for m, n respectively, in order to eliminate the
irrational quantities, we get
2_g2\2 p2 2\2
pq? + (p__,sg_) = (P2e ) , an

& <

A further generalisation has been tacitly assumed in
some methods employed by Apastaumba for the construc-
tion of the Mahavedi. If the sides of a rational right
triangle are known, then other rational right triangles can
be obtained by multiplying them by any rational integer,
or how he puts it, by increasing them by any rational
multiples of them. Thus if o, 3, ¥ be a rational solution
of z®+y*= 2*, then other rational solutions of it will be
given by la, 18, Iy where | is any rational number. This
is clearly in evidence in the formula of Katyayana. It is
now known that all rational solutions of (A) can be obtain-
cd without duplication in this way.

Karavindasvimi gives the solution, !

. (1)12-1-211_ )a: (_112%-2#2_2_ ).r
"\ 2m+2 ’ 2m+2 7

It can of course be derived from the solution (I) by
multiplying by x and dividing by m? every element of it
and then putting m + 1 for m.

#

Rational Right Trianglcs having a Given Leg.

There seems to have been amn attempt to find the
rational right triangles having a given leg. We find in

1 Vide his commentary on ApSl, i. 4.
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the Sulba at least two such right triangles having a com-
mon leg a, viz.,

(a, 8a/4, 5a/4) and (a, 5a/12, 13a¢/12).

The principle underlying these solutions will be easily
detected to be that of the reduction of the sides of any
rational right triangle in the ratio of the given leg to the
corresponding side of it. Thus the sides of a rational
right triangle having a given leg a will be (a, aB8/a, ay/a).
where o, B, y are the sides of any rational right triangle.
So that starting with the solution (II), we shall find that
all rational right triangles having the leg a will be given

by
o (B2 Ja. (P58 e
‘ 2pq 2pq

But this general solution is not stated anywhere in the
Sulba. The commentators of Apastamba. howevcr, give
the solution

" (?{A‘f’,,t 2m \, o m2+2m+2 ),,
’ 2m + 2 ’ 2m +2 ’

1t should be noted that the above principle for obtain-
ing the rational right triangles having a given leg has been
followed expressly in later times in India by Mahavira
(850) and in Europe by Leonardo Fibonacei of Pisa (1202)
and Vieta (c. 1580).

‘Simultancous Indcterminate Equations.

The construction of the wvedi gives rise to a type of
problems of indeterminate character, though in a few cases
the physical conditions are so prescribed as to make them
determinate.! For instance, the breadth of the Garhapatye

1 8ee Bibhutibhusan Datta, * The Origin of Hindu Indeterminate
Analysis,"’ Archeion, XTI (1931}, pp. 401-407.
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vedi shall have to be, accor@ing to the tradition of the
scriptures, one vyiyama.! But its form should be square
according to some and circular according to others.? It
is to be constructed with five layers of bricks, each layer
consisting of 21 bricks. Further the rifts of bricks in two
consecutive layers must not coincide. The shape of the
bricks employed may be square or rectangular. Now the
most interesting case is that in which the vedi and also
the bricks employed in constructing it, are square in shape.
It is said that three kinds of square bricks should be made
with the sixth, fourth and third part of a vydyama as a
side. The first layer (l,) should be constructed with 9
bricks of the first kind and 12 bricks of the second kind,
and the second layer (I,) with 5 bricks of the third kind
and 16 bricks of the first kind.? That is, if we denote the
bricks of different kinds thus: b, =v2/36, by = v2/16, b;
= v%/Y, where v denotes a vyayama, then

I, = 9b, +12b,, 1, = 5b,+16b,.

The third and fifth layers are replica of the first and the
fourth, of the second.

Now it may be asked how the ancient altar-builders
determined the size of the bricks of different kinds and the
number of bricks of each kind that will be required for the
construction of each layer. They proceeded probably in
some way like this: Since 21 is not a square number, no
layer of the altar cin be constructed with bricks of the
same kind. So the number of kinds of bricks employed in
any layer must be at least 2. Since no two successive
layers should have identical cleavage, all the bricks

1 B4, ii. 61; ApSl, vii. 5; compare also ApSh, vii. 10.
% BSl, ii. 62.3; ApSl, vii. 6.
3 BT, ii. 66-9.
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employed in the second laybr must not be the same as
those of the first layer. Hence the minimum kinds of
bricks must be 3. Assume then their sides to be p. ¢ and
rth part of a vyayama, where p, g, r are rational integers
to be determined. Suppose the first layer consists of =
bricks of the first kind and y bricks of the second kind.
Then we must have

[

+ = 1.

2 <

p=q
x4+ y = 21.

)

Similarly if the second layer consists of u bricks of the
third kind and v bricks of the first kind,

r

u

— + =1

2 2

u + v = 21.
Thus we are led to the simultancous indeterminate
equations

EQ + y:) =1

m n- g (A)

z + y =21,

Baudhayana's statements about the size of the different
varieties of bricks and the number of them employed in
the construction of a particular layer, amount to the
following solutions of the cquations (A)

m=6,&=9, m =3z =3,
n =4,y = 12; n =06, y=16

These solutions were probubly obtained by trial in
suceession, thus: Solving (A) as simultaneous lincar
equations in z and y, we get

m2(21—n2,
?n,2_n2 !

_ n®(m2-21)

m2—n?
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Now the physical circumstances of the problem are such
that « and y must be positive integers. Thereforeif m>n

m2 > 21 > n2?
or mo> V21 > n.
Since 5>421 > 4

therefore we must have
mo> 0o < 4

Tf on the contrary m < n, we must have
nZ > 27 > m*
Hence n>aom < 4.

Then substituting in the expression for = one after another
the values n = 4, 3, 2, 1. we can determine by trial the
value of m which will make the value of x in each case
integral. Thus we shall easily arrive at the solutions given
by Baudhayana.

A much more difficult problem of the same type arises
in connexion with the construction of the falcon-shaped
Fire-altar. Its total area is given to be 74 a2, where a=a
purusa. It is laid down that the altar must be constructed
in fire layers and the number of bricks employed in any
layer must be 200. As before, the rifts of bricks in any two
successive layers must not coincide. There is no injunec-
tion of the scriptures about the varieties of the bricks to
be: employed or about their relative size and shape. In cne
method of construction Baudhayana employs four kinds of
square bricks whose sides are respectively the fourth,
fifth, sixth and tenth part of a. Let us take, in general,
the areas of bricks to be a*/m, a*/n, a*[p, a*/q. Ifz, y,
2, u be the number of bricks of each variety respectively
that are employed in a layer, the problem amounts



184 BAUDHAYANA’S SOLUTIONS

algebraically to the solution of the indeterminate equations

£_+Z/_ +z_ ?_‘_=7%, }
m n r q

z +y+2+u = 200.

(B)

Baudhiiyana gives two integral solutions of these equations : !

(@) m=16, n=25, p=36, q=100

(1) x=24, y=120, 2=386, u=20
or
(@2) =z=12, y=125, 2=03, u=0.

Since in this method the values of m, n, p, q are perfect
squares. the shape of all the bricks are square. Baudha-
yana has described a second method of construction of the
Agniin which he employs certain rectangular bricks too.
These bricks, it may be noted, are easily divisible into
square shapes. But as that will increase the number
of bricks employed in the construction of the Agni
he has refrained from doing so. All those things are, how-
ever, immaterial for us who look upon his problem from
the point of view of the solution of algebraic equations.
Baudhayana’s new solutions of the equations (B) are 2
() m=2, =n=50, p=50/3, =100
(ii-1) =z=160. y=30, 2=8, u=2

or ’

(ii-2) =x=165, y=25, 2=06, u=4

Apastamba uses square bricks of five different varieties
for the comstruction of the same Agni. So his problem
will be represented algebraically by the equations

75, 2
.. (©
200 ;

+ 4 4% 4

T

z U
m n p g
x

Nle

+Y+ 2+ u+ov =

1 BSI, iii. 24 f£.
2 BSl, iii. 41 f.
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where m, n, p, g, r are perfect squares. Apastamba’s
statement of his method of solution, partly explained in. .
detail and partly hinted, is not free from ambiguity.!
Consequently it has been interpreted differently by his
different commentators leading consequently to several
solutions. According to Karavindasvami, the two
solutions of (C) will be

xmzlki, n=25, p=64, q=100, r=144,

x=067, y=>38, =2=48, u=18. v=9;
s»'nz:]ﬁ, n=25, p=36, g=04, r=100,

57, 2=9, u=0, v=22.

To these Kspardisviimi adds the solution
(m= 16, n=25, p=36, q=064, r=100,
(ii7) )
r=10, y=159, z=9, u=8§, r=14,
Sundararaja’s interpretation lcads to as many as four
new solutions of (C)

gm= 16, n=25, p=36. q=64, r=100,
(iv), (v) 2

=70, 12; y=45,157;2=9, u=56, 0; v=20, 22;

m=16, n=25, p=64, q=100, r=144,
i), (vi)§

=7T4,77; y=45,42; 2=52, 40; u=20, 382; v=9

He has also added a few more solutions of his own. All
these show very clearly that the Hindus fully recognised
the indeterminate character of the above problem of the
construction of the Fire-altar of the shape of the falcon.

! ApSl, xi. 1 ff. The text describing one solution is positively faulty
as has also been noticed by all the commentators. Biirk failed to detect
this. He thinks erroneously that the preliminary arrangement for the
second copstruction is comprised of 194 bricks, whereas it actually
consists of 198 bricks ¢vide ZDMG, LVI, p. 866).

24
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Several other indeterminate problems of the above
type present themselves in connexion with the conatruc-
tion of the Fire-altars of other shapes. We need not dilate
upon them here. It should, however, be noted that the
actual difficultics of construction are much more than
what will appear from the mere algebraic considerations.
For the bricks will have to be arranged in such a con-
figuration as to have the prescribed shape of the altar,



CHAPTER XV
VELEMENTARY TREATMENT OF SURDS

In the Sulba, we find elementary treatment of
surds, particularly their addition, multiplication and
rationalization. For the face, base and altitude of the
Sautra-maniki-vedi which is of the shape of an isosceles
trapezium, are stated, it has been noted before,! to
be respectively 24/ +3, 30/ +/3 and 36/ +/3 prakramas, or
to be 8473, 108 and 12+3 prakramas. Hence it is
clear that the ancient Hindus knew that

24 30 36

- /. - —_ NS 4
N 843, V3 = 1048, g3 = 12 /3.

It is also stated in general that if the side of a square be
a, then the side of the square equal to the third part of

it will be ; (av3) or «/3(‘3_‘_).2 That is,

a av'3

%
Thus it appears that the rationalization of simple surds
was known at that time.

The area of the above trapezium is stated to be 324
square prakramas. It must have been calculated with
the help of the rule given in the Sulba for that purpose.
So that

36 1/ 24 30 \ _ 36 54 _

_\_/_g. X E( vy + Nz = -g X~§ = 324.

1243 x 1 (8+v8 + 1043) =12 x 3 x 9 = 324

9

1 Supra, p. 143.
2 dp8l, ii- 3; BS§I, i. 47; KSI ii- 156-6; see also pp. 74 f. supra.
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L]

Again the dimensions of another isosceles trapezium
(Aévamedhiki-vedi) are stated thus: face=24+'2, base
=383 +2, altitude=86+2 prakramas and area=1944
square prakramas. That is

36+v2 x L(24v2 + 80y 2) = 1944.

In the Sulba, a surd is technically called karani.
Thus dvi-karani-means~/2, tri-karani= /8, trtiya-karani
"= #/1/8, saptama-karapi= ~1]7, astidada-karani= V18,
etc.’ The term was also used in the more general sense of
a root. For we have at least one instance of its application
in that semse, c¢.g., catusharani=+/4, which is not a
surd.2 The Sanskrit word karani means *‘ producer,’’
‘“ that which makes.”” From that it came to denote
the sides of a rectilinear geometrical figure of any shape,®
and then more particularly, the side of a square.

Approximate Value of ~/2.

Baudhayana and Apastambu say :

‘* Increase the measure (of which the Jdvi-karani is to
be found) by its third part, and again by the fourth part
(of this third part) less by the thirty-fourth part of itself
(i.e., of this fourth part). (The value thus obtuined is
called) the savifesa.’’ 4

Katyayana defines the rule in nearly identical words.®
Thus if d be the dvi-karani of a, that is, if d be the side

1 The references are respectively to jpSi, i. 5, i1.2,1i. 3 ix. b,
xix. 1.

1 ApSl, ii. 6.

3 Bee ApSl, ix. 6; xii. 5, 6, 9; xiii. 1, etc.

+ ‘g gddw akTvw wggaTreg el efads; ' —BSLi. 61-2;
ApSh, i. 6.

5 By @A ke @egTmwEgfEnAn Qfany ity ey
—K8t, i, 18.
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of a square whose area is double that of the square on ¢,
then, according to the rule,
a - a a
3" sd T s4sl
Now, it has been stated bhefore, the diagonal of a square is
its dvi-karani. So this rule gives the relation between the
diagonal and side of a square. Indeed the above rule is
particularly meant to define that relation. Thus we get

p 1 1 1

V2 =1+ — + — —
2 3 3.4 3.4.34
In terms of decimal fractions, this works out +/2

= 1-4142156.... According to modern calculation /2
= 1-414213.... Thus it is clear that the ancient Hindus
attained, a very remarkable degree of accuracy in calcu-
lating an approximate value of v2.

d=a +

Hypotheses about its Origin.

One will be naturally interested to know how the value
of ¥/2 was determined in that early time to such a high
degree of approximation. Unfortunately the Hindus have
not left any trace of the method adopted by them for the
purpose. So it is very difficult to guess it. Thibaut has,
however, propounded an ingenious hypothesis about it.
He says:!

‘“ The question arises: how did Baudhayana or Apas-
tamba or whoever may have the merit of the first investi-
gation, find this value? Certainly they were not able to
extract the square root of 2 to six places of decimals; if
they have been able to do so, they would have arrived at
still greater degree of accuracy. I suppose that they
arrived at their result by the following method which
account for the exact degree of accuracy they reached.

! Sulbasutras, pp. 13 ff,
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¢ Endeavouring to discover a square the side and diago-
nal of which might be expressed in integral numbers they
began by assuming two as the measure of a square’s side.
Squaring two and doubling the result they got the square
of the diugonal, in this case=eight. They then tricd to
arrange eight, let us say again, eight pebbles, in a square;
as we should say they tried to extract the square root of
eight. Being unsuccessful in this attempt, they tried the
next number, taking three for the side of n square; but
eighteen yielded a square root no more than eight had
done. They proceeded in consequence to four, five, etc.
Undoubtedly they arrived soon at the conclusion that
they would never find exuctly what they wanted, and had
to be contented with an approximation. The object was
now to single out a case in which the number expressing
the square of the diagonal approached as closely as pos-
sible to a real square number. I subjoin a list, in which
the numbers in the first column express the side of the
squares which they subsequently tried, those in the second
column the square of the diagonal, those in the third the
nearest square number.

1 2 1 11 242 256
2 8 9 12 288 289
3 18 16 13 338 324
4 32 36 14 392 400
5 50 49 15 450 441
6 7 64 16 512 529
7 98 100 17 578 576
8 128 121 18 648 625
9 162 169 19 722 729

10 200 196 20) 800 784.
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‘“ How far the Stitrakiiras went in their experiments we
are of course unable to say; the list up to twenty suffices
for our purposes. Three cases occur in which the number
expressing the square -of the diagonal of a square differs
only by one from a square number; 8—9; 50—49;
288—289; the last case being most favourable, as it in-
volves the largest nmumbers. The diagonal of a square
the side of which was equal to twelve, was very little

shorter than seventeen (/289 = 17). Would it then not
be possible to reduce 17 in such a way as to render the
square of the reduced number equal or almost equal
to 2887

‘“ Suppose they drew a square the side of which was 17
padas long, and divided it into 17 x 17 = 289 small squares.
If the side of the squure could now be shortened by so
much, that its area would contain not 289 but only 288
such small squares, then the measure of the side would
be exact measure of the diagonal of the square, the side
of which is equal to 12 (122 +122 = 288). When the side
of the square is shortened a little, the consequence is that
two sides of the square a stripe is cut off ; therefore a
piece of that length had to be cut off from the side that
the area of the two stripes would be equal to one of the
289 small squares. Now, as square is composed of 17 x 17
squares, one of the two stripes culs off a part of 17 small
squares and the other likewise of 17, both together of 34
and since these 84 cut off pieces are to be equal to one
of the squares, the length of the piece to be cut off the
side is fixed thereby ; it must be the thirty-fourth part of
the side of one of the 289 small squares.

‘* The thirty-fourth part of thirty-four small squares
being cut off, one whole small square would be cut off and
the area of the large square reduced exactly to 288 small
squares ; if it were not for one unavoidable circumstance,
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The {wo stripes which are cut off from two sides of the
square, let ussay the east side and the southside, intersect
or overlap each.other in the south-east corner and the
consequence i8, that from the small square in that corner

1

TR Thence the

o2 2 _
not a4 are cut off, but only 34

error in the determination of the value of the savisesa.
When the side of & square was reduced from 17 to 163§
the area of the square of that reduced side was not 288,

but 288 + Or-putiing it in a different way : taking

1

34 x 34
12 for the side of a square, dividing each of the 12 parts
into 34 parts (altogether 408) and dividing the square into
the corresponding small squares, we get 408 x 408 = 166464.
This doubled ix 332928. Then taking the suviSesha-value
of 163} for the diagonal and dividing the squarc of the
diagonal into the small squares just described, we get
577 x 577 = 332929 such small squares. The difference is
slight enough.

¢ The relation of 16§} to 12 was finally generalised into
the rule: increase a measure by its third, this third by its
own fourth less the thirty-fourth part of this fourth

12 12

5 tgxa 3x4x34) The example of

(16~—12+

the savisesa given by commentators is indeed 163%: 12 ;
the case recommended itself by being the first in which
the third part of 2 number and the fourth part of the third
part were both whole numbers.”’

But a more simplc and very plausible hypothesis will
be that the expression for 4/ 2 was obtained in the follow-
ing way:! Take two squares whose sides are of unit

1 For a slightly different but less elegant procedure see Miiller,
p. 178. loc. cit,
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»
length. Divide the second square into three equal strips
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Fig. s

I, Il and III. Sub-divide the last strip into three small
squares II1,, I1I,, III; of sides % each. Then on placing IT
and III, about the first square S in the positions II’ and
1TV, a new square will be formed. Now divide each of the
portions 11Ty aud III; into four equal strips. Placing four
and four of them about the square just formed, on its east
and south sides, say, and introducing a small square at the
south-east cormer, a larger square will be formed, each
side of which will be obviously equal to
1 1
1 + ”'3*‘ + —S_TZ .
Now this square is clearly larger than the two original
2

squares by an amount ( % ) , the area of the small

square introduced at the cormer. So to get equiva-
lence cut off from the either sides of the former
square two thin strips. If x be the breadth of each thin
strip, we must have

) 1 1 -—2=(_1__
"”(”3“* 37) e 54

Whence, neglecting z2 as too small, we get

)2 8.4 _
""’( 3.4 ..34'

25
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€

Thus we have finally

1 1 1
V2=1l+g3 + 9,4 5484

nearly.

Approzimate Value of +3.

By the process indicated above we can easily get an
approximate value of /3. 1Inthis case two of the unit
squares are divided into six equal strips I, IL,...VI. The
last two strips are subdivided into six smaller squares of
sides 1/8 each. Then arranging the slices III, IV, V;, V,
VI1,, and VI, about the first square in the positions IIT,
1V/, V/y, Vig, VI'}, VI’,, a new square can be formed. Now
divide each of the portions left over, »iz., V, and VI, into

FR- SR AU S
T

G

.

nr

Fig. 76

five equal parts and place them about the square just
formed. Then introducing a small square at the corner
another complete square of sides equal to

2 1
1+% +
3 3.5
each will be formed. DBut this is clearly too large by the
amount (g%)2. 8o for closer approximation, let the side of
the new square be diminished by an amount y, such that

2,1 Yo e (L
(1+y*t5g) Y (35)-
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. 1
H = .- .
ence y 558 nearly
Thus we get !
2 1 1
VE = 2 i S
v =+ 35 355

Irrationality of 2.

Did the ancient Hindus recognise the irrationality of
+~’2 2 This question does not seem to have troubled
Thibaut in any way. For we do not find him to raise it
explicitly or to attempt to answer it directly. But it is
clear from his writings that he believed in the Hindu
konowledge of irrationality of 4/2. Indeed his theory about
the diseovery of the Hindu approximation to the value of
/2, which hus been quoted in cxtenso before, is funda-
mentally based onthe knowledge of the incommensurabi-
lity of the diagonal of & square with its sides. Thibaut
supposes that the ancient Hindus endeavoured ¢ to dis-
cover a square the side and diagonal of which might be-ex-
pressed in integral numbers’ and then observes, ‘ un-
doubtedly they arrived soon at the conclusion that they
would never find exactly what they wanted and had to be
contented with an approximation.’”” Von Schroeder ¢ and
Biirk ® are more explicitly emphatic. They claim for the
ancient Hindus the credit for the first discovery of irra-
tionals. And they have been followed in this respect by
Garbe, Hopkins and Macdonell.* But this hypothesis has

1 Jor a different method of approximating to the value of v3, see
Maiiller, loc. cit., pp. 182 f.

2 Von Schroeder, Pythagoras und die Inder, Leipzig, 1884, pp.
89-59; compare also Indien Literatur und Kultur, Leipzig, 1887.

3 ZDMG, LV, p. 557

4 R, Garbe, Philosophy of Ancient India, pp. 39 f. ; E. W. Hopkins,
Religion of India, pp. 559 f. ; A. A. Macdonell, History of Sanskrit
Literature, p. 422,



196 INTERPRETATION OF SAVISLSA

been criticised and opposed by some modern historians of
mathematics.!

There are two terms which have undoubtedly a great
bearing on the point under discussion. They are videga
and savidesa. Importance of these terms has not been
properly realised by previous writers. Thibaut simply ob-
serves that savifega is a technical name for the increased
measure.? Biirk remarks, ‘‘ The total increase is videsa

" because it is the ¢ difference ’ between the pramadna, i.e.,
the side of the given square and its dvi-karani. Therefore
this latter is savidesa, ¢ with the difference.’ *’ 3

In the Sulba, the calculated value of the diagonal of a
square is technically called the savifesa of its side. Or
symbolically, 4

Savidesa of a = a + ?3‘ + ,3%_21 T 8.4.34°

Now what is the radical significance of the term
savidesa? Before answering this question, we shall point
out that occasionally the term has been used to denote the
complete diagonal in general; that is, in the sense savifesa
of a=a+2.5> Again in one instance in the Apastamba

1 H, G. Zeuthen, *‘ Theorem de Pythagore. Origine de la géométrié
scientifique,”” Comptes Rendus du IIme Congrés Intr. d. Philosophie,
Genéve, 1904 ; M. Cantor, ** Uber die &lteste indische Matbematik,"
Arch. d. Math. u. Phys., VIII (8), 1905, pp. 63-72; H. Vogt, ‘‘ Haben
die alten Inder den Pytha goreischen Lehrsatz und das Irrationale
gekannt ? "’ Bibl. Math., VII (3), 1906, pp. 6-28; T. L. Heath, Euclid,
I, p.362f.

2 Thibaut, Sulbasttras, p. 13.

3 Biirk, ZDMG, L\VI, p. 830; compare also L'V, p. 648 (* savifesa,
i.e., of the approximation to the dvi-karani ’') and p. 657, fn. 1.

4 B§l, i. 61-2; Ap81, 1.6 ; KSI, ii. 18.

5 BS1, iii. 67, 149, 150; ApSl, xix. 2, 8,4, 7.
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Sulba,! we find the use

a a
+

Vi = -8
ifega of a 34 5434

C}Z‘]&

But on several occasions in this work and also in other
Sulbas,? particularly in a compound word, the term videsa
has been employed in the sense 6f the hypotenuse of a right-
angled triangle. And it has again been considered there
as equivalent to savifesa.® The concluding portion of
Katyayana’s statement of the rule for savidega runs thus:

1 “ygrmdieg @ TEfRTE W§ afehaae a9 FE wEARmag
W anl} v, W@ afad wfage .. 0 —ApSL i L

2 BSI, iii. 164; ApSI, xx. 6,7, 8, 11, etc. In these cases occur
the term bdhya-videga (meaning ‘‘ having the visega outwards ''); in
ApSl, xx. 6 we find abhyantara-visesa (** having the visesa inwards’’).

3 For example, one kind of bricks employed in the construction of
the Fire-altar of the shape of falcon with bent wings and spreadout
tail (Vakrapakga-vyastapuccha-syenacit) was called godasi. Its dimen-
sions are described thus :

“ freatt wgfit: afdtag wedw, faficedsge v sgiefaaeaf '—
ApSi, xix. 2,

*‘ Construct the 8odasi  with four (sides), namely with one-
eighth, three-eighth, one-fourth (puruga) and the savisegs of the
one.fourth (purusa).”” The manner of laying out these bricks has
been described thus :

“eafire qrenfa; ofitwRdy  wer awie@w W —
ApSI, xx. 5.

‘“ Cover the remaining portion (of the Fire-altar) with godasis, (such
that) those lying at the extremity (of the Fire-altar) will have their
vif6ga outwards, but inwards at the head."

“ wufae wenk yrerfefe ¥ deni aufadd swewr 3 Wik
% fawa waafad® ’—A4pS, xx. 6.

‘* In the second layer, at the head towards the east lay two sodasis
baving their vifesa outwards and on the west lay them with their
vifega inwards and lying in both places (vigaya, i.e., partly in the head
and partly in body of the Fire-altar).”
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(]
savidega iti viscsah. Here the word visesa must be explain-
ed differently. The use of the same terms thus in varied
significations, has made the interpretation of their origin
really difficult. Thibaut’s explanation is obviously errone-
ous; Biirk’s is not full.

Let us now see how the origin and significance of the
term sawvi$esa has been interpreted by the early commen-
tators. Dvarakanitha Yajva ix of no help to us in this
matter. He passes off with the simple remark that
‘“ savidesa is a technical term for it.”” Kapardisvami
observes :

‘““Savisega is a technical name for the sum thus ob-
tained.! As it is accompanied with a special quantity in
excess (viSesa), 80 it is a term whose meaning is intelli-
gible by itself. (Add) to twelve (angulis) four (angulis), to
four one; divide that one into thirty-four parts and leave
out a part. Thus (the resulting sum) will be seventeen
angulis less one tila. The square of the tilas in twelve
angulis is 166464 square tilas; the square of the tilas in
seventeen angulis minus one tila is 832929 square tilas.
In this (latter) a square of one tila is in excess (of twice
the other), so the suviscsu is the technical name (for it).
If it is accompanied with some quantity in excess (viscsu),
then what is the necessity for it ? In its own domain, it
has no fault. For if the diagonal be measured (directly)
with a bamboo-stick, the excess will be to the extent of
ten square tilas. Thus in any case there will be an excess
even by a fraction of the smallest part of the minute
nivara grain falling from the mouth of a parrot. 8o (the
formula) is without fault. It will be of practical use,
taking this into consideration, the learned author has
made that (technical) term.”’

a a

! The reference is to a + - + % . — . 2__
€ relerence 18 w 3 34 3.4.94
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Karavindasvami’s observations are more elaborate.

‘“ Savifesa is its technical name. The measure of
the side (of a square) after having been operated upon by’
the rule ‘increase the measure by its one-third, etc.’ is
called the savifega. For instance, increase a mesasure of
twelve angulis by four angulis ; increase that four angulis
by one anguli minus one tila. The experts (in measure)
say that thirty-four tilas placed breadthways make one
anguli. It will be stated (later on in the text) ‘add to
half (the length of the east-west line) its videsa,” ! ‘enclose
with two half-bricks having their vifesa outwards,’ 2 ete.
What (are the correct meanings) of ‘ fasten savisesa to the
middle (pole),” ® ‘with one-fourth purusa and with the
saviega of one-fourth purusa,’4 etc. There it should be un-
derstood that ‘ being with the videga,” thatis ‘ the measure
with the videga’ is the savidesa. What is the need of this
big term? So that its true significance may be intelligible
by itself. What is that? The root §is when prefixed by
vt denotes in all cases ‘a correction in excess.” As the rule
mentions of an excess qualified by the prefix vi (it should
be understood that the accurate value of) the diagonal
differs by something from, exceeds over the exceeding
part of the above value of the dvi-karani over the measure
of the side: and that is the videsa. Or else the wviesa is
that little area by which (the square of the diagonal as
calculated by the rule) differs from or exceeds over (twice
the area of the given square) at the time of measurement.
For instance, since it has been stated that thirty-four tilas
make one anguli, the square of the number of tilas in
twelve angulis is 166464 square areas of tilas ; the square
of the tilas in seventeen angulis minus one tila is 332929
square areas of tilas. In the latter a square of one tila is
present in excess over twice the area of the (given)

1 ApSt, ii. 1. 3 Ibid, ii. 1.
2 JIbid, xx. 7. 4 Jbid, xix. 2.
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square figure ; hence its technical name is vidcga. If the
diagonal (of the square) could be (exactly) measured with
the bamboo-rod and the Fire-altar had been measured by
means of that measure, the area included in the body (of
the Fire-altar) would not have exceeded (twice) this (the
given square) even by the smallest part of the minute
nivdra grain falling from the mouth of a parrot. If the
measure falls short (the area described) in that case will
also be smaller. So for doubling (a square), the savidesa
is employed as & practical means.’’

Thus it is evident that according to the interpretation
of the commentators Kapardisvimi and Karavindasvami,
the term savidesa for the diagonal of a square implies
intrinsically a knowledge of the following : (1) The value of
the diagonal as calculated by the rule stated for the pur-
pose is only an approximate onme; (2) that value of the
diagonal has a small quantity in excess over the true value
of the diagonal; or in other words, the square of
that value exceeds by some quantity twice the area of the
given square; (3) that excess cannot be completely elimi-
nated in calculating the value of the diagonal arithmeti-
cally. If the validity of this interpretation be accepted,
then there will remain nothing to doubt that the ancient
Hindus were aware of the incommensurability of the diago-
nal of a square with its sides.

Let us therefore test as far as possible how far the
commentators can be relied upon in the matter of that
interpretation. For it might be argued by modern critics
that being acquainted with the real state of things from
the mathematical knowledge of their time, the commenta-
tors naturally gave an interpretation to the texts which
was more creditable to their authors.! Looking into the

! The commentators have been similarly accused in other con.
nexions by Thibaut (Sulbasitras, pp. 46 f.) and Biirk (commments on
Ap8l, i. 4).
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ancient literatures of Indias we find in the early canonical
works of the Jainas copious instances of the employment
of the term viéesa in the same connection as we find it in
the Sulba, Thus in the Suryaprajiapii (c. 500 B. C.) !
the circumference of a circle whose diameter is 99640
yojanas is stated as 315089 yojanas and a little over
(kincidvidesadhika); that of a circle of diameter 100660
yojanas is stated to be 318315 and a little less (kincid-
visesona). In the Jambudvipaprajiiapti (c. 300 B.C.),2
the circumference of the Jambudvipa which is of the
shape of a circle of 100000 yojanas in diameter, is men-
tioned as 816227 yojanas 3 gavyutis 128 dhanus 18}
angulis and a little over (kificid-videsddhika). In all these
cases,” it will be seen that the value actually recorded is
only an approximate one and the videst refers to a small
quantity which has not been recorded—in fact it cannot be
accurately determined—but which we shall have to add to
or subtract from the recorded value in order to get the
accurate value of the quantity sought. Those who are
acquainted with the technique of Sanskrit and Sanskritic
languages will at once recognise that the expression
kificid-videsadhila has the identical significance as the term
saviéesa. Indeed we really find the use of the word savidesa
in exactly the same sense in a Jaina work of later times.
Nemicandra (c. 9756 A.D.) writes: tattiunas parirayena
savisesam or ‘* thrice that with a little over (savidega) is
the circumference.’’* Now the early canonical works of

1 Qatra 20. The formula employed for the calculation is

circumference = V10 x (diameter) 2.
2 Sdtra 3.

3 Several instances of this kind will be found in the author’s article
on ‘‘ The Jaina School of Mathematics ' in the Bull. Cal. Math, Soc.,
Vol. XXT, 1929, pp. 115-145 ; see particularly pp. 131-3.

4 Trilokasira of Nemicandra, with the commentary of Maédhava.
candra, edited by Manoharlal Sastri, Bombay, 1918, Gatha 95.

26
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the Jainas belong to & period not much separated from
that of the Sulba. Some works of either classes probably
belong to the same age. 8o we can accept without any
hesitation that the term savifesa was employed originally
in the Sulba with the same significance as that with which
it is found to have been employed in the early canonical
works of the Jainas. Thus it is found conclusively that
Kapardisvami and Karavindasvami are thoroughly reliable
as regards their interpretation of the original significance
of the term savidesa. Soit is proved that the irrationality
of ~2 was known to the ancient Hindus.

Other Approximate Values of /2.

From the Manava Sulba we obtain certain other note-
worthy approximations to the value of +/2. By way of
some calculations in that work are employed the rela-
tions :

1) 40? + 402 = 562
@ 4%+ 4% = (59)°

From these we easily derive the values,
(1-1) V2 =1 =14
(2:1) V2 =} = 1-4166...

It may be noted that § is the third convergent of +2
expressed as a continued fraction ! and the value {3 is its
fourth convergent. What is still more noteworthy is the
fact that the former value is not derivable from the series
for /2 stated before. This latter is, however, the eighth
convergent of the continued fraction for v2:

577 _ 1 1

1 =
200 o1 ¢+ = S
408 + 3 +a 3.4 3.4.34
us- .
Brelt t
_' ! ;."- 1 1
Vs lt ey gy
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These facts will lead one'strongly to suspect if the rudi-
ments of the theory of continued fractions were known to
thé early Hindus. At any rate, these are very remarkable
cases of coincidence.

There are certain other rough values of v'2 to which
we shall refer shortly.

Approzimation {o the Value of /5.

There seems to have been a serious attempt, though
without much success, to find an approximation to the
value of the surd v5. The occasion was to define clearly
the relative positions of the three principal and oldest
known fire-altars, viz., the Gdrhapatya, Ahavaniya and
Daksina. Baudhayasna’s rules to determine their posi-
tions are these :

“ With the third part of the length (i.c., the distance
between the Garhapatye and Ahavaniya) describe three
squares closely following one another (from the west to-
wards the east); the place of the Gdrhapatyu is at the
north-western corner of the western square ; that of the
Duaksindagni is at its south-eastern corner ; and the place of
the .Thuvaniya is at the north-eastern corner of the eastern
square.’’ !

“Or else divide the distance between the Garhapatya
and Ahavaniye into five or six (equal) parts; add (to it)
a sixth or seventh part; then divide (a cord as long as)
the whole increased length into three parts and make a
mark at the end of two parts from the eastern end (of the
cord). Having fastened the two ends of the cord (to the
two) poles at the extremities of the distance between
the Garhapatya and Ahavaniya, streteh it toward the
south, having taken it by the mark and fix a pole at the
point reached. This is the place of the Daksinagni.’’ 2

1 BSi, 1. 67. 2 BSI, i.68.
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**Or else increase the mez»s'ure (between the Garhapatya
and Ahavaniya) by its fifth part; divide (a cord as long
as) the whole into five parts and make a mark at the end
of two parts from the western extremity (of the cord).
Having fastened the two ties at the ends of the east-
west line, stretch the cord towards the south having taken
it by the mark and fix a pole at the point reached. This
is the place of the Daksinagni.’’!

The second is also given by Apastamba.? A rule
leading to the same result as the first one ubove, though
defined differently, is stated by Katyiyana * and Manu.*
Katyayana has specitied the relative positions of the tbree
fire-altars also in a new way:

‘“ Divide the distance between the Gdarhapulya and
Ahavaniya into six or seven parts; add a part; then
divide (a cord) equal to the total incrcased length into
three parts, ete.’’?

The rest of this rule is the same as the latter portion of
the second rule above and hence need not be mentioned.

PR
\\ A=Adhavaniya
\ (r=@darhapatyua
——-—1D D=Dakginayni
G -
Fig 77
1 Ibid, i. 69. 2 ApSi, iv. 4. 2 RS Q.29

4 Masl, iii. 5 KS§I, 1. 21.
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Let b denote the distance between the Garhapatye and
Ahavaniya, that is, AG. Then from the different specifi-
cations given above we obtain the following values for AD
and GD :

AD = jv5, $b, §b, 3§b, 38b

GD = §v2, 3b, ygb, b, 3%b
If it be assumed that the relative positions of the three
fire-altars were meant to be the one and the same, in all

cases though expressed differently, then we shall have
the following approximations to the valuesof /5 and /2:

- 2 ¢ 2
’\/O = 2%, 21, 27, 29*5,

2-4,2-383...,2:285..., 2-16.

v2 =13, 1}, 11, 133

= 1-2,1-166... ., 1-142..., 1-44.
Since according to modern calculation v2 = 1-414213,..
and v5 = 2-23607...., none of the above values can be

said to be a fair approximation, perhaps except the values

v5 = 27 and ~2 = 1}1 which are correct up to the first
place of decimals.

Evaluation of Other Surds.

In the Manuva Sulba, we find results leading incident-
ally to the evaluation of two other surds:

362 + 902 = 972
52 + 612 = (7§)2.

Whence we easily obtain
V29 = 515 = 5°3888...
V61 = T4 = 7-8383...
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Now correct up to three places of decimals v39 = 5-385...

and 461 = 7-810... Hence the above approximations,
specially the first one, may be said to be fair for
ordinary purpose.

Approximate Formula.

It would be natural to ask if there is in the Sulba any

. specific rule for determining the approximate value of any
surd. But the answer is not very reassuring. For we do
not find an express-statement of any formula for the
purpose. At the same time we can unhesitatingly admit
that they had the necessary equipments for the approxi-
mate evaluation of surds, at least of some. We have
pointed out before that in the science of the Sulba, it is
sometimes necessary to construct a square having a given
area. And that is a geometrical method of finding the
square-root of a given number. If the given area is
represented by a non-square number, we get a method
finding the square-root of a non-square number. One
formula follows at once from the method given in the
Sulba, for the transformation of a rectangle into a
square, which has been described before. According to
this method, a square (having its side equal to the breadth
of the given rectangle) is first cut off from the given rect-
angle; the excess portion is divided into two halves which
are then joined to the two sides of that square. Then
by adding a small square in the corner, a large square
is completed. The square equivalent to the given
rectangle will be obtained, it issaid, by subtracting the
added small square from the completed large square. This
subtraction was doubtless made by the Sulba-workers
with the help of the theorem of the square of the
diagonal. But it can also be made by cutting off two
strips from the two sides, say, thc east side and the south
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side of the completed large square.! Suppose A to be the
® area of the given rectangle and a be the side of the
square subtracted from it. Then the side of the large

—n2
A—a . The area of the

completed square will be a +

A—qa?

2
small added square will be ( ) Then from each

" side of the large sphere we shall have to cut off a thin strip
of the same breadth. If z denote the breadth of the
strip, we must have

neglecting z2 as being very small. Hence we finally arrive

(A-— a2\?2
a? =)
«/A=a+‘1 @ .

2a / A — a2
2((1 + - 2(1” )

This formula requires a correction, it will be easily
recognised, inasmuch as a portion equivalent to x? has
been subtracted too much.

at the formula

! The process is in fact the reverse of that taught in the Sulba
for the increment of a given square into another square.
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The rule of the Bakhsh&'i Manuscript for determining
the approximate root of a non-square number must have ®
been obtained exactly in this way. It says ?

“In case of a non-square (number), subtract the
nearest square number; divide the remainder by twice
(the root of that number). Half the square of that (that
is, the fraction just obtained) is divided by the sum of
the root and the fraction and subtract; (this will be the
approximate value of the root) less the square (of the
last term).”’

If A = «247r, we write the above formula as

VA= AT = R )/2.(1)
A= Vudgr=as 2(1 200 + rj2a)

Now this formula will not be available for finding the
approximate values of those surds in which r is not small
compared with a2. So Rodet 2 holds that a different
process of approximation to the value of a surd was also
known to the authors of the Sulba. It will lead to the
formula, says he,

(1= T
R . 20+1 2a+1 )
R B T e
2a+1 T
2( a+ - —o
( 20+1 )

1 Bibhutibhusan Datta, ‘‘ The Bakhshali Mathematics,” Bull. Cal.
Math. Soc., XXI, 1929, pp. 1-60.

2 1. Rodet, * Sur une méthode d'approximation des recines cares
conne dans 1'Inde antérieurment a lo conquite d’Alexandre, Bull.
Soc. Math. d. France, VII, 1879, pp. 98-102; ‘‘ Sur les méthodes
d’approzimation chez las anciens.”’—Ibid, pp. 159-167.
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where ’

P il
2a¢+1 of « + r
2a+1

A nearly equivalent formula will be obtained by
proceeding in the following way: From the given rect-
angle A, cut off the square (S) of side « each. Let the
area of the remaining portion of the rectangle be r. From
this cut off two strips I and II of the same breadth
rf(2a41) and arrange. them as in Fig. 78. Then
the area of the strip of the rectangle still left over will be

2{(1 T i 2a+1 1__2a-_k1 }

=r— 2ax ——T =————r .
2a+1 2a+1

Yy e AT ST
X IL ¢4 ur
2641 '

a s 1
—..‘..
.‘ _ \
FoT1
Fig 78
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Complete the larger square by adding a portion IIT which
is deducted from r/(2¢+1). Then the area of TV will be

2
_ _( r >= 2 )
2a+1 a+1 2a+1\ " 2a+1/°
" Now this portion can be utilised in increasing the side of

the square obtained before. If the increment of the side
be 1, then we must have

r ( )
_ 204\ 1T 2Fd
2f(a+ I
< 2a+1 )

Hence the side of the equivalent square is nearly

i1 )
o+ Tt 2a+1 ‘__gc_wl /.

b ) .
2a+1 2<a+0 7-’-1 )
Za

This is a little too great. So decrease the square by
cutting off a strip of breadth ¢ from either side; then

r ( ‘
(i)
2e{a+ LS 3 _..2"'*'1 02
] ((l‘("

2a+1 o
2a+1 )

2(1‘( - Z(l+1)
RaTevn
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whence, we get .

) {"25“1‘1‘( 1= iy ))}

A<a+2¢l+1

_’_<1 ,_rm)
ro4 2041 ~ 2041 }

=22 a+
2u+41 N y
- a4+ —
2u+1

Thus we have finally

T T
—
‘‘‘‘‘ ) < 5)
VA=vad4r = at T+ e+l 2a+1
)
2a

nearly.



CHAPTER XVI

FracTions AND OTHER MINOR MATTERS

Terminology.

In the Sulba, as in later Hindu mathematics, the
fraction is called améa, bhiaga, meaning ‘‘part,”’
‘‘portion.’” Once in the Apastamba Sulba and Katyayana
Sulba each, it is called kald.! This term is interesting
inasmuch as it was used as early as the Rgveda 2 to denote
particularly a sixteenth ‘part. It is also employed symboli-
cally for the number sixteen. The unit fraction is indicat
ed by a compound of either of those terms with a cardinal
number, ¢.g., paiicadasda-bhiga=1/15 (ApSl, x. 8; KSI, v.
4); tri-bhdga=1/8 (KSI) or with an ordinal number, ¢.g..
paiicama-bhaga =1/5 (ApSl, ix. 7, x. 2; KSI, v. 6). Often-
times in the latter case, the word bhiga is omitted, so that
we have only an ordinal to denote a fraction, ¢.q., paiicama
(or ““fifth*’)=1/5, dvddasa (‘‘twelfth’’)=1/12, trayodasa
(““thirteenth ") =1/13, ete.

In the Manavu Sulba,* we find a few very sirange and
unusual instances where dvi-guna, tri-guna and catur-guna
are employed to denote, respectively 1/2, 1/8, and 1/4.
But there we also meet with such usual use as dvi gupa =
2-times, paiica-guna = 5-times.® The former are, indeed,
highly ambiguous applications.

It is much noteworthy that the authors of the Sulbu
did not restrict themselves to the use of unit fractions
only, as is known to have bcen the case with the early

t Ap§l, iii, 10; K&, iii. 11, Compure aleo Chandogya Upanigad, vi.
7.1 2 RV, viii. 47, 17.

3 BSl, i. 61, ii. 67; ApSh, ix. 7, xii. 1, etc. It should be noted that
dvadaéa, sodass, ete., are also used in the cardinal sense.

4 Masl, v. 5. 6 Ibid, ii. 5, 6,
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Egyptian, Babylonian, and Chinese mathematicians.!
In the Sulba, the unit fraction has noti, indeed, any -
special significance attached toit. We find in them the
frequent use of the general fraction. Their mode of
expressing it is exactly the same as that of later Hindu
writers. Thus 3/8 is called tri-asfama (‘* three-eighths *’),
2/7 dvi-saptama ( ‘‘two-sevenths ’’).2 Katyayana mentions
144 prakramas as caturdasa prakraman triméca prakrama-
saptabhagan (or ** 14 prakramas and three of the seventh
parts of a prakrama '’).® 3/4 is sometimes called catur-
bhagona (‘* less one-fourth '’),* that is, 1 —1/4.

A peculiar mode of expressing certain fractions is some-
times found in the Sulba, e.g., ardha-navama, which
literally means ** containing a half for its ninth,’’ is used
to denote ‘‘ eight and a half '’; ardha-daduma (‘* contain-
ing a half for its tenth) =9, and so on.®> Such
a term evidently carries with it the concrete concept of the
operation of measuring.

A fraction of a fraction is indicated in the usual way
thus: janoh pancamasya caturvimsena = ** by 4 of } of a
janu.”6  Further caturtha-saviSesirdha = } (1} v2),
calurtha-savidesa-saptauma = 1 (} ~/2).7 .

Operations with Fractions.

In the Sulba, there are instances showing fundamental
arithmetical operations with elementary fractions. For
example, it is stated in the Baudhiyana Sulba.:8

' D. E. Smith, History of Mathemalics, in two volumes, Boston,
1935; Vol. II, pp. 208 f.

2 Ip8l, xix. 3, 6. 3 K81, vi. 2. 4 1pSi, xv. 5, xix. 1,
§ BSI, ii. 1.8; ApSL. iii. 8; MaSl, ii. 1-2.
& BSI, ii. 13. 7 Apdl, xix. 4, 7.

8 BSI, iii. 106. Compare also BSI, iii. 238-9 and ApS$i, xviii. 3
which give
1

1
72- +R’v=120'
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““ One hundred eighty-seYen and a half square bricks
of sides (equal to) onme-fifth of a purusa make up the
seven-fold Agni with the two aratnis and thc pradesa.’”

Here the area of each brick is 1/25 of a square purusa;
so the number of such bricks required to cover an area of

7 % square purusas will be

x 25

Tt

1.1
Ty T s

w5

= 1875 .
2

Thus it is an instance of division of fractions. Or the
same result may have been obtained in a slightly different
way which is, indeecd, a simplified method of division.
Since the area of cach brick is 1/25 of a square purusa,
one square purusa will contain 25 such bricks. Therefore

1 . .
an area of 7;—)— square purusas will contain

4

7} %25 = 187

-

(8]

bricks. If the area of ecach brick be ** Onc-fifteenth of
half of a square purusa,’”’ says Baudhayana,! the number
of bricks used will be 225. That is,

L. L 115,

2 T e T 2 T % x 80 = 225.

In describing the Dronacit, Baudhayana writes : 2

““Its body is a square; its side is three purusas less
one-third. On the western side of the body is the handle.
Its length east-to-west is half a purusa plus ten angulis
and its breadth north-to-south is one purusa less one-third.
Thus is made the sevenfold Agni with the two aratnis and
the pradesa.””

I BSI. iii. 188-9. ¥ BSI, iii. 219-224,
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That is, »

1

1 2
73 square purusas = {(3 -5 ) purusas }

+ (}) purusa + 10 angulis )x {(1 - % > purusa};

the right-hand side, in square purusas

9 \2 \
=(2g->+(]+;l,>(l—]),
3 2 12 3

The spatial dimensions of the constituent parts of the
Fire-altar of the shape of the falcon with bent wings and
spread-out tails have been described by Apastamba as
follow :

** Of the whole area making the segpn-fold Agni with
the two aratnis and the pradesa, take off the pridesa (from
‘the tail), and the fourth part of the body together with eight
quarter bricks. Of these latter, (use) three for the head,
then divide the remainder between the two wings.”’ !

Now, as is well-known, the body of the primitive Fire-
altar of the shape of the falcon measures 4 square purusas,
sach wing 1x1} square purusas and the tail 1x1y
square purusas. On taking out the pridesa (= 1/10
purusa) from the tail, there will remain 1 square purusa.
The body will be reduced by

4 le. + 8 x 116 square purusas ;

1 ApSl, xv. 3.
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there will then remain ¢

4 — (4x-—-+ 8 — ] =92 = .

Of the former with 3 x% square purusas is formed the

bead and the remainder

8 = lfj— square purusas

3
*i6 16 16

INFS
-

together with 1xi-16 square purusas from the tail is

divided equally between the two wings. Each wing will
therefore measure

1x1 é + %(1 »1'% + 1_10) square purusas.

Henoe the total area of the Fire-altar will be, in square
purusas,

1 3 { 1 1(, 5 1 1
- — 2 — - =7_
1+22+16+ 15 +2(]16+10)} 72.
Of the squaring of a fraction, we take the following
example from the Apastamba Sulbe: ?

““ A cord 1%— purusas long produces (a square of) 2‘11

(square purusas) ; 2 % purusas produce 62 (square puru-

sas).”’
That is,

1 ApSl, iii. 8.
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Baudhayana states, on the® contrary, that the side of a

. 1 . 2 .
square measuring 7(—) square purusgas is 2-3— purusas in

length,! That is

2

vy =22
7 5

Progressive Series.

In the manner of laying out bricks described in the
Sulba, we find a few interesting instances of progressive
series. Apastamba writes :

‘“On (the occasion of) the first constructior, (the
altar-builder) should construct (the Fire-altar) knee-deep
with 1000 bricks; on the second, navel-deep with 2000
bricks; on the third, mouth-deep with 3000 bricks. (The
number of bricks employed in constructing the Fire-altar
becomes thus) greater and grcater on each successive
occasion. He who constructs to attain the Heaven,
(should thus construct with) great, high and unlimited
(mahantam brhantam aparimitam) (number of bricks);
80 it is known (from the ancient scriptures). ’’ 2

Thus we have the A. P.

1000, £000, 3000,...

Reference to this progressive mode of successive construc-
tion of the Fire-altar is found as early as the Taittiriya
Samhita (¢. 3000 B.C.).? It reappears in the Satapathe
Brihmana and Apastamba expressly admits to have
borrowed it from that work.t We find there another
noteworthy instance which shows that it was very likely
known then how to sum up a series in A. P,

1 B4, iii. 220.

2 1pSl, x. 8; see also ApSr, xvi. 13. 11-2; BSI, ii. 26.
3 T8, v. 6. 8. 2-3.

4 1pSh, xvi. 18, 12,

28
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"+« But, indecd, that Fire-hltar also is the Metres; for
there are seven of these metres, increasing by four syl-
lables; and the triplets of these make seven hundred and
twenty syllables, and thirty-six in addition thereto.’’ !

It has been stated elsewhere in the same work that
the shortest metre is the Gayatri with 24 syllables. Thus
we are given the first term (24), the common difference (4)
and the number of term (7) of a series in A. P.  Then its

Sum =% (2x24 + (T—-1)4}

= 252.

So the triplets of these metres will consist of 766 (= 252
'x 8) syllables, which are equal to 720 + 36 as stated.

From the method indicated by Baudhiyana * for
constructing larger and larger squares, starting with a
smaller one, by adding successively gnomons to it is clear
that the following series was known to him.?

1+8+5+47++2n+1)=(n+1)?

| S S

e~ e m e o e amy

’

Fig 79
Faclorisation.
The true significance of another passage is not quite

clear to us unless it is some mystic expression of an

! §Br, x. 5. 4. 7. Eggeling’s translation. 2 Vide supra, pp. 125 1.
3 Compare Miller, loc. cif., pp. 200 .
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attempt to find all the possible factors of a number.
The Satapatha Brahmanae says:

““Now in this Prajapati, the year, there are 720 days and
nights, hislights, (being) those bricks; 8360 enclosing stones,
and 360 bricks with (spccial). formulas. This Prajapati,
the year, has created all cxisting things, both what
breathes and the breathless, both gods and men. Having
created all existing things, he felt like one emptied out, and
was afraid of death, He bethought himself, ‘ How can 1
get these beings back into my body? how can I put them
bacl into my body? how can I be again the body of all
these beings?’ He divided his body into two; there were
360 bricks in the one, and as many in the other: he did
not succeed. Hc made himself three bodies,—in each of
them there were 3 x 80 of bricks: he did not succeed. He
made himself four bodies of 180 bricks each: he did not
succeed. He made himself five bodies,—in each of them
there were 144 bricks: he did not succeed. He made
himself six bodies of 120 bricks each: he did not succeed.
He did not develop himself sevenfold.! He made him-
seif 8 bodies of 90 bricks each: he did not succeed. He
made himself 9 bodies of 80 bricks each: he did not
succeed. He made himself 10 bodies of 72 bricks each:
he did not succeed. He did not develop elevenfold. He
made himself 12 bodies of 60 bricks each: he did not
succeed. He did not develop either thirteenfold or
fourteenfold. He made himself 15 bodies of 48 bricks
each: he did not succeed. He made himself 16 bodies of
45 bricks cach: he did not succeed. He did not develop
seventeenfold, He made himself 18 bodies of 40 bricks
each: he did not succeced. He did not develop nineteenfold.

! The text @ gqut W3 literally means * did not become divided
10to seven (parts).”’
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He made himself 20 bodies of 86 bricks each: he did not
succeed. He did not develop either twenty-omcfold, or
twenty-twofold, or twenty-thrcefold. He made himself
24 bodics of 30 bricks cach. There hc stopped, at the
fifteenth; and because he stopped at the fiftcenth arrange-
ment there are fifteen forms of the waxing, and fiftcen
of the waning (moon).”’ 1

The significancc of stopping after the fourteenth opera-
tion is obvious. For after that there will be the repetition
of the previous factors.

! SBr, x. 4. 2. 2.17. The translation is substantially due to Eggel-
ing. We have only introduced the ciphers for the numbers in words,



APPENDIX
SoMme TeEcuHNICAL TERMS or THE SULBA

Line of Symmetry of the Vedi.—Every one of the altars
of various shapes that have been described in the Sulba,
has a line of symmetry. Some which are square, rectan-
gular or circular (with or without spokes) have, indeed,
more than one such line. But primary importance is
always attached even in those cases only to one of them.
That line of symmetry of an altar is technically called the
prsthya. This term is derived from the word prstha (or
““back ”’) and so mcans ‘‘ the line marking the back or
rather the back-bone of the altar.”” It has its origin in
the comparison of the altar with an animal which occurs
repeatedly in the Susthitd and Brahmana. For instance,
the Taittiriya Sawmhita observes, ¢ The Fire-altar is an
animal.™"1

Configuration of the Vedi.—A sacrificial altar is built in
such a configuration as to place its principal line of sym-
metry always along the west-to-cast direction. Hence
it is also called the praci, or ‘‘the eastward line.”’ This
line, as has been already observed, is of primary impor-
tance in the geometry of the Sulba. For all constructions
arc described in the Sulba invariably with reference to it.
The sides of an altar lying on ecither sides of its praci,
whether parallel to it or not, are called its par§vamani,
from parfva= ‘‘sidc’’ and mdna="'mcasure,’”’ and hence
meaning literally the ‘‘side measure;’’ those which are at
right angles to the pract are called the tiryaimdni or the

17S,v.2.10. 1,
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transverse measure,’’ from tjryak = ‘‘transverse,’”’ mana=
““measure.”’ The latter term is oftentimes called in short
tiryak, tiradcina or tirasci (‘‘transverse’’) which are some-
times further abbreviated into tirak. These terms are very
old and occur in the earliest literatures of the Hindus.!
The transverse sides are again distinguished into pagcatti-
ragci (‘‘the western transverse side’’) and purastitliraéct
(‘“ the castern transverse side’’).2 The former is also called
the mukha (="‘the face’’) and the latter the pada (=‘‘the
base’’) of the altar.

Line.—The line is-called in the Sulba, lckhd or rekha,
both the terms being identical, as, according to the rules of
the Sanskrit Grammar, the alphabets I and 7 ean be re-
placed mutually. A straight line is distinguished as rju-
lek:hd, rju meaning *‘straight.”’$

Rectilinear Figures.—In the Sulba,we discern two differ-
ent systems of nomenclature for the rectilincar geometri-
cal figures.* In one system the naming is according to the
number of angles or corners in the figures, and the names
arc formed by the juxtaposition of the number names with
aéra or asra which ordinarily means ‘‘corner,’”’ ‘‘angle,”’
c.g., tryasra (‘‘triangle’’), caturasra (‘‘ quadrangle’’),
etc. Thesc names were introduced in the time of the
Srauta-satra (c. 2000-1500 B.C.). Still older names were
compounds ending with srakti ( = ‘* angle,”” " corner”’).
Thus the namc catuhsrakti, which literally means,
the ‘“ quadrangle,’”’ occurs in the Vajasaneyi Samhitd,

I For instance sce TS, vi. 2.4.5 ; Ma:S, iii. 8.4 ; SBr, vij. 1.1.18 ;
etc.

2 BSI,i.72.76 ; TS, vi. 2.4.5.

3 BS8I, ii. 82.

4 For fuller information on this point, see the author’s article, *‘ On
the Hindu Names for thc Rectilinear Geometrical Iigures,” in the
Journal of the Asiatic Society of Bengal, N.8., XX VI, 1930, pp. 283-290.
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Taittiriya Sashita, Satapafha Brahmana, Apastamba
Srauta, Baudhdyana Sulba and other works. In the Rg-
veda, we find the term navasrakti referring to the ‘‘ nine
corners’’ of the heaven. In the Kalyayana Sulba Pari-
$igta,! we have compound names for rectilinear figures
ending with karza. The Sanskrit word karna means the
“‘ear.”’Applied to geometrical figures, it implics the “‘angle’’;
hence  trikarna=‘‘triangle,”’ paficakarna=‘‘pentagon.”’
The word karna degenerated into kona in the Prakria langu-
ages. So in the Ardha Magadhi work Suryaprajiiapti,? we
get the names trikona (= ‘‘trigonon’’), catuskona (= ‘‘tetra-
gonon’’), panicakona (='‘pentagon’’) etc. These terms
are, however, accepted in later Sanskrit literature.® The
term asra or asra in a compound name sometimes denotes
the “‘side’” Thus Baudhayana once described a square
as catulsrakti  (‘‘four-cornered’’) and sama-caturasra
(**equi-four-sided’’).* So the terms tryasra, caturasra, ete.,
will also mean respectively *‘trilateral,’”’ ‘‘quadrilateral,”
etc.® Thus we get a sccond system of naming retilinear
geometrical figures according to the number of sides they
possess.

Au isosceles triangle is denoted by the term praiiga.
This word is probably derived from pra+yugs, meaning
“ the forepart of the shafts of a chariot.”” A rhombus is
similarly called ubhayatah praiiga (‘‘praiiga on both sides’’)
inasmuch as it is divided into two praiigas by a diagonal.
Both these terms are as old as the Taittiriya Samhita®

L KSIP, iv. 71-8.

2 Suryaprajfiapti, Sitra 19, 25.

3 See for instance, the Parifistas of the Atharva-veds, xxiii. 1 5
xxv. 1, 8, 6, 7, etc. ; Arthaddastra of Kautilyae, ii. 11, 29,

4 BSl,i. 79.

5 ¢f. ApS, xx.12.

€ TS, v. 4. 11.
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and continued to be used in the same sense in posterior
works, the Brahmana and Srauta including Sulba.

A square is generally called sama-caturasra (sama=
‘‘equal’’). It is oftentimes,of course when there is no chance
of ambiguity the context being clear, shortened into catu-
rasra,! and occasionally even into simple sama.? Thibaut
is responsible for the opinion that in the term sama-catu-
rasra, the word sama refers to the equality of four sides

-and caturasra implies that the four angles of the figure are
right angles.® A more plausible interpretation would be
that sama refers to the form or shape of the figure which
is to be the same in every respect, caturasra implying a
quadrangle or quadrilateral. It will then be consistent
with the term dirgha-caturasra for the rectangle,* which
signifies that the form of the cuturasra is in this case
dirgha (or “‘longish’’). The rectangle is sometimes called
in short the dirgha.® The term for a quadrilateral of un-
cqual sides is the wvigama-caturasra (literally, *in-
equilateral quadrilateral’’). But in contradistinction from
the sama-caturasra or the square, that term may denotc
also the rectangle.®

When all the angles of a polygon are equal, it is said to
be of eka-karra (literally, ‘‘one-angled’’) variety; and when
not so, of dvi-karna (literally,‘two-angled’’) varicty, imply-
ing that in this variety the angles of the figure are of more
than one size).”

The diagonal is called the aksna or aksnaya (‘‘ that
which goes across or transversely,”” that is, ‘‘the cross-

1 BSI, i. 22. 650. 61 ; ApSl, i. & ;ii. 4- 5 ; ete.
2 ApSl, i. 5,

3 Thibaut, Sulvasutras, p. 7.

4 BSl, i. 36. 88 ; ApSl, ii. 7,1iii. 1; ete

5 ApSl, i. 4.

6 See KSI, iii. 4.

1 Vide supra p, 81, foot-note 2.
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line’’)! In relation to the ®nstrument of measurement,

it is sometimes dcsignated as the akgnayd-rajju (*‘ the dia- -
gonal cord’’)? and at other times the «ksnaya-venu (‘“ the

diagona! bamboo-rod’’).? The diagonal is also denoted by

karne, meaning ¢ the line going across the angle’’ or ‘‘ the

line going across from corner to corner.”’*

Circle.—In the Sulba, the circle is designated the man-
dula (*‘round’’),® pari-mandalae (*‘round on all sides’’) ;%
the circumnference, parindha™ (“‘ bounding line on all
sides’’), and the diameter, wviskambha® or wvydsa
(*“ breadth’’). The centre of the circle is culled madhya
(“‘middle’’)-  But this term is also used in more general
sense for the middlemost point of a4 square or rectangle,”
or of a line.'" The segment of the circle is denoted by the
term pradli 1}

It is perhups noteworthy that the dircetion of rotation
was used to be indicated in the Vedic Age by means of an

LogSI, i 52 ik 55. 655 BSr, x.19, xix. 1. Compare RV, viii.
7.35; ApSi, ii. 5.

Rama, the commentator of the Katyayana Sulba, is of opinion that
this line is so called because it divides the figure into two akgi or “cyves”

“ wfeaq Agfa qed@ar - 9qE FaE wfadma Gar & |-

G aquanfagasqal wafa  qar wfewft fads aeesiaE s
Aqremy wafg 1 KS/, ii 7 (Com.)

2 BSI 0. 50, ApSt, i 325.

B ApSl, ix. 8.

¢ BS&r, xix. 1 ; KS8r, xvii. 6. 3.

5 BSI, 1. 23, 24, 58, 59 ; ApSI, iii. ¥, 3.
® ApSl, vii. 6. 13 ; BSI, ii. 63. 70.
7 BSI, Q. 113.
8 B&I, 123,25, 26; A pSE, it ApST, vii. 0.
9 BS, 0. 88; ASL i 2.
0 BSL,i. 56, 67, 73 ; ApS, ii. 1.
B, i, 71-2.

29
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arc of a circle very likely with an arrow-head at one extre-
mity. Thus we have the terms dakgindvrta lekha ( ‘‘the
line turning rotationally towards the right *’) and savya-
vrta lekha { “‘the line turning rotationally towuards the
left’’).! Again a rotation is called daksipa-prak, if it is
towards the east by the south, and daksina-praiyak, if it
is towards the west by the south.?

Arca.—In the early Hindu geometry a tigure is gencral-
lydenoted by the term kselre® and its avea by Obhami.*
Occasionally, however,  the term ksetra is employed also in
the sense of an arca.t

Fundamental Opcrations.—Addition is called semasa
(‘‘putting togcther’’) and the sum obtained samasia
(‘*“whole,”” *'total’’).® Subtraction is called nirhara
(‘‘deduction’’) and the remainder Sesa.®  Division is
bhagu, vibhdga. One term deserves special notice : it 1s
abhyasa. This word, formed from «bhi and dsu, ineans
radically ‘‘repetition,’’ ‘‘reduplication.’”” It then camne to
denote, in its various declinations, the operation of addi-
tion? as well us of ultiplication.® Whence it seems
that the early Hindus recognised multiplication to be a
kind of addition.

1 BSI, ii. 30-31.

2 1pSl, viii. 9-10.

3 BSr, xix. 7-9.

4 BSr, xxvi. 25; BSI, i. 56, 57, 82; .1pS), i. 5. KSI. i, 11,
5 See BSI, i. 593 1pSl, ii. 4.

6 BSI, 1, 68; ApSh, ii. 6. 7.

7 BSLin 4. 9. 11; ApSL, 0. 9, 2; ii. 1.

8 4p81, v. 8.



BIBLIOGRAPHY OF THE SULBA
I

The following works on the Sulba and their comment-
aries, published and unpublished, have been made use of
in this book.!

L. Baudhayana Sulba :

This work was published by G. Thibaut with English
translation, critical notes, extracts from the commentary
of Dvarakanitha Yajva and a few diagrams, in the Pandit,
a monthly journal, now defunct, of the Sanskrit College
of Benares : Old Series, IX and X, 1874-5 ; New Series,
1, 1877. The text is printed in the Baudhiyana Srauta
Sitra, being the 30th Chapter of it, edited by W. Caland,

! 1n the vollection of the Calcutta University, there is a good number
of transeripts of the works on the Sulba and their commentaries. We
have noted below, alopg with them, the original manuscripts from which
they have been transcribed. The key to the abbreviations used is as
follows :

Ady. Lib. = Library of the Theosophical Society at Adyar, Bouthern
India.

Asiat. 8oc. Ben. = Asiatic Society of Bengal, Calcutta.

Bhand. O. Inct. - Bhandarkar Oriental Institute, Poona.

Bom. Br. Roy. Asiat. Soc.=Bombay Branch of the Royal Asiatic
Society, Bombay.

Bom. Univ,=Bombay University.

Ind. Off. Lib, = Library of the India Office at London.

Mad., O. Ms. Lib.=Goveroment Oriental Manpuscripts Library,
Madras.

Mys. O. Ms. Lib.=Government Oriental Manuscripts Library,

Mysore.
Tanj. Pal. Lib, = Palace Library of the Mahiraja of Tanjore.
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.
in three volumes, Calcutta, 1904, 1907, 1913. BDesides
thesc printed works, the manuscripts consulted are:

(1'1) Text only:
C. U. 21

(1°2) Text with the commentary, entitled Sulba-dipika,
of Dvirakanitha Yajvi:
" C. U. 15 (=Tanj. Pal. Lib., No. 3743B).

C. U. 15 (a) (=Tanj. Pal. Lib., No. 3742, collated
with No. 3743B).

C. U. 21 (=Tanj. Pal. Lib., No. 9160(b), collated
with No. 3743B),

(1'3) Text with the commentary, Sulba-mimdmsa.
of Venkatesvara Diksita:

C. U. 42 (=Bhand. 0. Inst., No. 96 of 1891-95).

2. Apastamba Sulba :

This has been edited and published by A, Birk, with
German translation, notes and comments, helpful extracts
from the commentarics of Kapardisvimi, Karavindasvimi
and Sundararija, and diagrams, together with a nasterly
introduction, in the Zeitschrift der deutschen wmorgenlin-
dischen Gessellschaft, 1.V, 1902, pp. 543-591 ; 1.VI, 1903,
pp. 327-391. Manusecripts consulted are:

(2°'1) Text only :
C. U. 16 (=Tanj. Pal. Lib., No. 3846).

C. U. 27 (=Bom. Univ.).
C. U. 34 (=Ady. Lib.).

(2°2) Text with  the commentary, Sulba-vyikhyd, of
Kapardisvimi :

C. U.1(=Mad. O, Ms. Lib.,, No. 777 collated with
No. 151 (b) ).
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C. U. 17 (=Tanj. Dal. Lib., No. 3851).
C. U. 52 (=Mad. O. Ms. Lib.).
C. U. 54 (=Mys. 0. Ms. Lib.).
(2.3) Text with the commentary, Sulba-pradipikd, of Kara-
vindasvimi:
C. U. 18 (=Tanj. Pal. Lib., No. 3852),
C. U.31(=Ms. of Pandit Gopal Desikacarya ot
Kumbhakonam).
C. U. 49 (=Mad. 0. Ms. Lih.).
C. U. 50 (=Do. another copy).
C. U. 53 (=Mys. O. Ms. Lib.),

(2°4) Text with the commentary, Sulba-pradipa, of Sun-
dararija :
C. U. 10 (=Ms. of Pandit Gopal Desikacarya of
Kumbhakonam).
C. U. 19 (=Tanj. Pal. Lib.. No. 9160 (a)).
C. U. 20 (=Tanj. Pal. Lib., No. 9160 (a) collated with
9172 (a)).
C. U. 32 (=Ady. Lib.).
C. U. 33 (=Do., another copy).
. U. 43 (=Bhand. 0. lL.ib., No. 23 of A 1879-80).
. U. 44 (=Mad. O. Ms, Lib. No. R 911 (a).
. U. 51 (=Mad. O. Ms. Lib., No. 5812).
U. 55 (=Mys. O. Ms. Lib.).

Qo

a

(2°5) Text with the commentary, .ipastambiya Sulba-
bhasya, of Gopal.

(3) Katydyana Sulba:

A portion of this work, only the first two chapters,
was published by G. Thibaut with English translation and
the commentary, entitled the Sulba-sitra-vriti of Rama
(c. 1450 A.D.) in the Pandit, New Series, IV, 1882.
Manuscripts consulted are:

(3.1) Text only :
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C. U. 41 (=Bhand. O. Inst., No 74 of A 1881-82). It
contains also the tramscript of the MS. of the PariSigta of
Katyayana Sulba in the Ind. Off. 1.ib., No. E 363.

C. U. 45 (=Bom. Br. Roy. Asiat. Soc. Lib.).

(3'2) Text with the commentary, Sulba-Silra-vivarana, of
+ Mahidhara (1589 A.D.):

C. U. 41 (=Bhand. O. Inst., No. 363 of 1883-84).

C. U. 46 (=Bom. Br. Roy. Asiat. Soc. Lib.).

4. Manava Sulba:

C. U. 23 (= Asiat. Soc. Ben., No. I. E. 17) ; the text
with the commentary of Sivadasa.
C. U. 29 (=Bom. Univ.) ; the text only.

5. Maitrayaniya Sulba:
C. U. 47 (=Bom. Br. Roy. Asiat. Soc.) ; the text with
the commentary of Sankara.

6. Varaha Sulba:
C. U. 30 (=Mys. O. Ms. Lib.).
II

Following is a list of articles dealing primarily with the
mathematics in the Sulba:

(1) Birk, A.—‘'Das Apastamba Sulva-sttra,’’ Zcitschrift
der deutschen morgenlandischen Gescllschaft, LV,
1901, pp. 548-591; LVI, 1902, pp. 327:391.

(2) Cantor, M.—** Uber die #lteste indische Mathe-
matik,’”” Archiv der Mathematik und Physik,
VIII (8), 1905, pp. 63-72.

3) " — ‘“ Griko-indische Studien,”” Zeitschrift
fiir Mathematik und Physik, XXII, Hist. Lit.

(4) Datta, B—‘‘The Origin of Hindu Indeterminate
Analysis,”” Archion, X111, 1931, pp. 401-7.
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Levi, B.—*' Observazioni e congetture sopra la .
geometria degli Indiani,”’ Bibliotheca Mathematica,
1X (3), 1909/10, p. 97.

Mazumdar, N. K.—‘‘ Minava Sulba Siatram,’’ Jour-

nal of the Deparlment of Letters in the Calcutla
University, VIII, 1922,

,»—*‘On the Different Sulba Sutras,’’ Proceedings and
Trunsactions of the Sccond Oriental Conference,
Calcutta, 1922, pp. 561-4.

Milhaud, G.—** La geometric d’Apastamba,’” Revue
générale des Sciences, XXI, 1910, pp. 512-520.
Miiller. C.—* Die Mathematik der Sulvasitra,”
Abhund. «. d. Math. Sem. d. Hambung. Univ.,
Bd. VII. 1929, pp. 173-204.

Thibaut. G.—** On the Sulva-sutras,’” Journal of the
Asiatic Sociely of Bengal, XLIV, 1875, pp. 227-

275.

,»  —* The Baudhiyana Sulva-satra. The Pandit,
Old Series, 1X, X; New Scries, I.

) —** The Katyayana Sulva-satra; »’ The

Pundit, New Serivs, 1V.

Vogt, H.— Der Pythagoreischen Lehrsatz in der
iltesten Geometrie der Inder,’’ Schleische Gesells-
chaft, Jahresberichte der Math. Sec, LXXXIV,
1906, pp. 3-4.

,, —'* Haben die alten Inder den Pythagorsis-
chen Lehrsatz und das Irrationale gekant ?°’
Bibliotheca Mathematica, VII. (3), 1906/7, pp.
6-23,

Weber, A.—** Zur Kenntniss des vedischen Opferri-
tuals,”’ Indische Studien, XIII, pp. 215-292,

Zeuthen. H. G.—** Sur I’Arithmétique Géometrique
des Grees eb des Indiens,’’ Bibliotheea Mathema-
tica, 1904, pp. 97-112, .
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a
(17) Zecuthen, H. G.—** Theoréme dé Pythagore, Origine
de la Geometrie scientifique,”’ Compien Rendus
du IIme Congrés internationale de Philosophie,

Genéve, 1904,

III

Valuable information on the subjeet can also be had
from the following standard works and articles:

(1) Cantor, M.—Geschichte der Mathematik, 1, pp. 635-
645.

(2) Datta, B.—** Hindu Contribution to Mathematies,””
Bulletin of the Mathematical Association of the
University of Allahabad, I to 11, pp. 1ff.

3 . —** The Scope and Development of the
Hindu Ganite,”” Indian Historical Quarterly, V,
1929, pp. 479-512.

(4) Dutt, R. C.—A4 History of Civilisution in Ancient
India, revised edition, London 1893, I, pp. 260 ff.

5) Hankel, H.—Zur Geschichte der Mathemalik im

Alterthum und Mittelalter, Leipzig, 1874.

(6) Heath, T.—The Thirteen Books of Euclid’s Elements,
I, Cambridge, 1908, pp. 352-364.

(7) Von Schroeder, L.—Indiecn Literatur und Kultur,
Leipzig, 18817.

8 . —Pythagoras und . dic  Inder,
Leipzig, 1884.
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Abhyantara-viéega, 197n.
Agns, 27, 80 et seq., 39-40, 60n-
61n, 120, 152; Enlargement

of, 1568 et seq. (See Kamya
Agni, and Ekaéata-vidha
Agni).

Agni-cayana, 28, 29.

Agni-cit, 28, 28n.

Agnidhriya, 34, 42.

Ahavaniye, 21, 27, 203 et seq.;
Altar of, 21, 31.

Alaja, 28.

Algebra, Early history, 165; Geo-
metrical, 165 et seq. ; Problems
of, in ancient India, 2.

Al-Khow#rizmi, 111n.

Allman, 111.

Altar, 2, 20 et seq.; Science of
construction, 164 ; date of the
science, 29; geometry traced in,
30. (See Falcon-shaped Altar,
Fire Altar, and Vedic Altar).

Avmsa, 2192.

Apastamba, Authority mentioned,
28-27 ; Birk's edition, 20;
Commentaries of, 10, 18, 19;
Srauta-sstra of, 1, 18, 26n, 29 ;
Sulba-sutra of 8-4, 13, 25 ;
-Satra-partbhaga, 18,

Apastambiya Sulba-bhasya, 10.

Aranyaka, 5.

Ardha-dasama, 213,

Ardha-navama, 218.

Ardhya, 44.

Area, combination, 71 et seq.; To
draw a square equal to, n
times a given square, 71.74;
nth part of a given square, 74-
76; sum and differenee of two
given squares, 76-80; two
given pentagons. 80-82; two
given triangles, 80 ; Definition
of, 95 ; Problems of, in ancient
India, 2; Transformation of,
83 et seq.; square, from iso-
sceles triangle, 92.93, from
rectangle, 88-85, from rhom-
bus, 84, into rectangle, 85-90,

30

square and rectangle, into iso-
sceles trapezium, 90-92, into
rhombas, 93-94, into triangle,
92. (Bee also Measures.)’

Aryabhata I, 16, 18,

Aryabhatiya, 16.

Agtadada-karani, 188.

Agta-vidha, 170.

Aévamedha-vedi, 34, 152 et seq.,
162 et seq.

Aévamedhika Agni, 172-73.

Aévamedhiki-vedi, 107, 188.

Atharva-veda, schools of, 1n,

Babylonian mathematician, 213.

Bakhsbali Maouscript, 208.

Baudhayans, commentaries, 10 ;
His sources, 25, 26; Srauta-
sutra of, 1; Sulba-sitre of, 2-3,
25 et seq.

Bahya-viéesa, 197n.

Bhaga, 212.

Brahmana, 25 et seq., 29 et seq.;
Primary functions, 29; Bcurce
of geometry in, 35-27. (8eealso
Mastrayaniya Brahmana, Sata-
patha Brahmana, and Tasttiriya
Brahmana.)

Bharadvédje Grhye Sutra, 13.

Bbaskara (Second), 12; Bijaganita
of, 165.

Brahmeagupta, 17,

Biirk, 86 et seq.; 107 et seq.

Caland, 86n.
Cantor, 111,
Caturasra-§yenacit,
120, 152,
Caturbhdgona, 218.
Catur.guna, 213.
Caturtha-savidesardha. 218.
Caturtha-saviéega-saptama, 213.
Catugkarani, 188.
Chinese mathematicians, 218.

109-110, 113,
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Circle; Area of, 95; Division,
equal, 42-48; Doubling, 21:

Magnitudes, 201 ; S8quaring snd
vice verss, 18-19, 21, 27, 40,
143-51. (See also, Postulates,
Quadrature, Segment, and
Square.)
Commentators, 10-11, 13, 16-19.
Couupass, Possibility of, 34
Congruence theorems, 44.
Constructions, 52-70; Puarallelo-
gram, 67-70; Perpendicular,
£2-65;  Rectangle, 62-63 ;
Square, 55-62;
“igosceles, 63-66. (See Altar.)
Cylinder, Volume of a, 101.

Daksina, 21, 120, 203.

Daksinagni, 27, 31, 208 et seq.

Daréapaurnamasa-sitra, 13.

Daréapaurnamasiki-vedi, 30, 34.

Darsa Sacrifice, 21.

Demonstration, 50-51.

Dhisniya, 42, 150.

Disgonal, bisects a rectangle and
mutually, 43, 45. (See also

Factorisation, 218-20.

| Figures, construction of similar,

!

i

Trapezium, '

Postulates, Pythagorean Theo- ;
rem, Rectangle and Rhombus.) |

Dimension. (See Spatial Dimen- |
sions.)

Double-producer, 71.

Drona, 23.

Drona-cit, 150, 214.
Dvadaséa, 212.
Dvdrakanatha Yajva,
87 et seq.
Dywi-guna, 212.
Dvi-karani, 188.
Duirajjraviharana, 64.
Dvi-saptama, 213.

1,

Eggeling, 158n.
Egyptian mathematician, 218.
Ekadaéini.vedi, 162 et seq.
Ekarajjvaviharanae, 64.
Ekaéata-vidha, 169 et seq.
Eka$ata-vidha, Agni, 160.
Ekavidha Agni, 171.
Ekaviméa-vidha, 172 et seq.
Equation, Bolation of. (S8ee Quadra-
tic equation, Simple Equation.)

18-19, |

?

l

24; Division of, 24; Rectili-
near, 222. (See also Similar
Figures.)

. Fire altar, 152 ¢t seq.; Enlarge-
ment of, 158 ¢t seq., 174 et seq.,
203 ct seq. ; Falcon shaped, 22-
23, 67, 183 ef seq., 215-216;
bending the wings, 37-38; con-
struction of, 154 et seq., 158n;
enlargement of, 166 et scq.;
form of, 134; magnitude, 34;
measurement, 34-87. (Bee
Altars, Ahavaniye, Dakgina,
Garhapatya.)

Fraction, 212-17; Division of, 214;
Fraction of a, 218; General
fraction, 213; Operations with,
213-17: Squaring of a, 216:
Terminology of, 212-13: Unit
fraction, 212 ef zcq.

Garbe, 25.

Garhapatya, 31, 27, 203 et seq.;
Altar of, 21, 81, 150.

Garhapatya-citi, 31.

. Garhapatya-redi, 180-81.

Geometry, Hindu, before 300 B.C.,
6-7; Before 3000 B. C., 27 ol
seq., Esoteric, 2n: Growth of,
20 ; Influence upon Greek Geo-
metry, 9; Manuals of, 1n;
Name of 1, 7, 88n; Origin,
2-6, 20, 26 et seq., 30; Practi-
cal, 2n; Problem of, in Sulba-
siitra, 2; Propositions of, in
the Sulba, 21, 22, 24: (q. v.).

Gopala, 10.

Grhya-sitre, 1o,

Hamsamukhi, 82

Hankel, 50-51, 104, 106, 107.
Health, 111.

Hemadri, 13.

Hindu Geometers, 50.

Hindu Geometry. (See Geometry,)
Hiranyakesi Sulba, 2, 29.

Horse Sacrifice, 173.

Hotriya, 34.
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{
Indeterminate Equations, 180-86, |
Indeterminate problems, 178 et!

seq. |
Irrationality, of +2. (See Surds.) |
Irrationals, first discovery by the |

Hindus, 115 et seq. |
Igti-yajiia, 21.

Jainas, Canonical works of the,

201-2. 1
Janu, 101. |
Junge, 106. i

Kabpa-sutra, 1, 1n.

Kamya Agni, 22, 24, 38, 120, 121.
Kapardisvami, 10, 13, 19.
Kapisthala Samluta, 28.

Karnka, 28.

Karani, 188. (Sea Surds.)
Karavindasv8mi, 10, 14-17.
Kurmu-dipika, 11.

Kala, 212.

Kathaka Sunhita, 28. ;
Katyavana, 1, 4-5, 10-11, 2. !
Kotshoma-redi, 152.
Krgna-yujur-veda, 2.
Kundakyti, 11.
Kurma, 23.

Laksahoma-vedi, 152.

Leonardo Febonacci of Piga, 180.

Lilavati, 12,

Line, 222; Anguiar units of, 69.
(See algo Straight Line.)

Magnitudes, 2-3. (See also Circle,
Spatial Relations and Magni-
tudes.) ) }

Mahddeva, King of Pevagiri, 13. |

Maha-vedi, 23, 64, 96-97, 98, 153. |
(See also Saumiki-vedi)

Mahavirs, 180.

Mahidhara, 10; Works of, 11.

235

Maitr8yana, Brakmana, 25; Srau-
ta-sutra of, 2; Sulba-sutra of,
6; Sulba, 12; Sahita, 98, 28n. .

Mainava, Srauta-sutra of, 2 ; Sulba-

sutra of, 5-6 ; commentary of
Sivadasa, 12.
Mantramahodadhi, Age of, 11.
Marjaliya, 34, 43.
Masaka, 2.
Mathematics, Jaina school of,

201n; Problems of Hindu, 2.
Measures, Areas and Volumes of,

95 et seq.; kinds of, 8.
Mensaration, 95.

Nata, 67.
Nemicandra, 201.
Niradhapasubandha, 21 ; -ved:, 137.

. Nitya, 20.

Nitya Agni, 21.

 Nyaichana, 58.

Oldenberg, 27.

Péadya, 14.
Paitrki-ved:, 22, 75, 113,
Pakayajiiki-vedi, 152.

Paksestaka. 67-68.

Paficadasa-bhéga, 22.

Puficaguna, 212.

Pancakarna ; vide Pentalateral.

Pasicama (Pancama-bhaga), 212.

Pasicami, 44n.

Paficagns, 62.

Parallelogram, Construction of,
62-70; Measurement of ares of,
96.

Paricayya, 23.

Paricayya-cit, 150.

Parsvamani, 221.

Pasu-yajnia, 21.

Patini, 62.

Paurnamasa sacrifice, 21.

Pentagon, 80-82.

Pentalateral, 80-82.

Perpendicular, Construction of,
53-55.

Pitr-yajRa, 98.
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Postulates, 41 et seq. ; Circle, divi- o 165; ax?+br=¢c, 165; a3=

sibility, 42; Circle, maximum 2m
square described within a, 49; 14— 97 R 165; xl=1+—— 1
Diagonals, mutual bisection ;

~44; Diagonals of a rhombus, 166; Te?+3x=T74+m, 166 et
perpendicular bisection, 45; seq.

Rectangle, bisection by diagonal, | Quadrature, of a circle, 40.

48 ; Rectangle, relation with a | Quadrilateral, 47, 48. (See also
parallelogram, p. 48: Rectangle, Square.)

relation with the rhombus in-
scribed, 48; Square, relation
with the square inscribed, 47;
Square, relation with the tri- | Rama, 10-12.

angle inscribed, 47; Straight | Ramacandra, 13.

line, equal divisibility, 41 ; Tri- | Rathacakra, 23.

angle, bisection of an isosceles, | Rathacakra-citi, 120, 150.

46 ; Triangle, equal and similar | Rational Rectangle, 109, 123 et

division. 42. (8ee also Sulba.) «eqg., 178 et seq.; Derivation,
Praci, 221. Apastamba’s formula, 186; by
Préagvamsa, 22. the Hindus, 136 ; Early History
Pramana, 196. of, 138-39; Euclid's formula,
Praiiga, 23. 135-36 ; Hindu  discovery,
Praiiga-citi, 121. 124.27 ; Hindu knowlédge of
Prism, Volume of a, 101. : geperal rules, 127-39; Number
Proclus, 178. | of, known to the Hindus, 127;
Progression, Arithmetical, 217-18. Plato’s formula, 134-36 3
Problems, Geometrical, 22-23; Pythagoras’'s discovery, 127;
Solutions of, 52 &f seq. (See i Pythsgoras's formula, 133-36.
Constructions, and Indetermi- i (See also Rational Rectangle.)
nate Problems.) . Rational Right-angled Triangle,
Pysthya, 221. i 178-80.
Puruga, 102, ‘ Rectangle, construction, given
Purugabhasa, 157. : sides, 22, 62-63; Equal to a
Pyramid, Volume of the Frustum } square, 23 ; Dmgomcal bisec-
of, 101.3. ! tion, 43; Measurement of, 95,
Pythagorean Theorem, 24, 71, 104, | 96 et seq. ; Square on the diago-
et seq.; Arithmetical character ° nal equal 10 sum of the squares
vs. Geometrical character, | on tke sides, 24; Transforma-
107-8; Bhiskara's proof, 118; | tion into isosceles trapezium,
Chinese origin, 118; Converse, ! 90-92 ; rhombus, 93-94 ; square,
106-6; Early sttory, 119-22; 83-85, 206; triangle, 92. (8ee
Early knowledge and employ- ! also Construction, Postulates,
ment, 32-33; Geometrical ' Rational Rectangle, Rhombus

proof of the Hindus, 115-19; | and Square.)
Hindu vs. Greek origin, 106 ef | Rectilinear figure, measurement of,

seq., 118, 95; construction, having given
area, 98.
Rg-Veda, Samhita, 27 et seq.;
8chools of, 1n,

Rhombus, Construction, equal to
square, 23; Dicgonals bisect

Q. E. F., Correeponding term in |
mutually, 45; Formation by

Hindu constructions, 50.

r
1
$

Quadratic Equation, 165 et seq.: | joining the midcle points of the
Solutions of complete, 166 o sides of a rectangle, 48. (See
seq ; Discrepancies, 168 et seq.; | ulso Postulates, Rectangle and

Solutions of pure, 166; aa?=c, -  Square.)
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Right-angle. (See Straight Line.)

Right-angled Triangle, 105; Cor®
struction, Kapardisvami's, 13,
Karavindasvami’'s, 14-16;
Riama's, 11.

Rodét, 208.

Root, Hindu name of, 188.

Rule of Three, Bhaskara's (Second),
12; Lilavati's, 12. .

Ruler, use in construction, 33.

Sacrifice, Daria, 21: Igf1,2: Nira-

dhapasubandha. 21 ; Obligatory,

20: Optional, 20. 28; Fasu, 21;

Paurnamasa, 21; Soma yajia.

21; Vedic, 20 et seq.
Sadas, 34.
8adgurusisya, 18.
Samara-sara, 11.
Samara-séra-samqgroha, 11.
Smaxana, 23.

Siama-Veda, S8chools of, 1n.

Saithita: see Kupigthala Semlita,
Kathuka Samhita, Maitrayaniya
Samluta, Ry-Veda

Samhita.
Sumuhya 23.
Sumuhya-cit, 150.
Sankarabhatta, 12,
Sankhyayana GFhya-paddhati, 11.
Saptama-larani 188.
Sapta-rvidha, 170.
Sarada-tilaka Tantra, 11,
Sarvabhyasa, 157.
Satapatha Brahmana, 27n, 28 et
seq., 28 n.

Saumiki-veds, 22, 64-67. (See Mala- |

vedil)
Sautramani-ved1, 22,
152 et seq., 186.
Sarifega, 188, 196-202.
Siayana, 12. . ]
Scalene triangle, Source of discov-
ery by the Hindus, 45.
Schopenhauger, 107.
Segment of a circle. Hindu wethod
of finding ares, 17.

75, 98, 107,

Series, Early reference, 217; Pro- |

gressive, 217-18.

Similar Figures, 40, 152 et seq.;
Construction, given a side, 162.
(See also Trapezium.) .

Samhita.
Taittiriya Samhita, Vajasaneya !
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Simple Equation, solation of, 177.

Sivadisa, Commentator of Manave
Sulba, 12.

Smaddna-cit, 101 et seq.

| Sodadi, 197n.

i Soma-yajia, 21.

Spatial dimensions, 215.

Spatial relations and magnitude, 2
et seq.; 25 el seq.

Square, 27, 40; Area, on its diago-
nal is double its area, 22, 109 et
seq.; History of the theorem,
40, 105 et seq., 114-15 ; Area, on
the diagonal of a rectangle
equal 10 sum of equares onsides,
24, 27. (See Pythagorean Theo-
rem.) Area, double of a trian-
gle on the same baseand with

| equal altitude, 47. To con-

' struct. area equal to 108 sq.

padas, 98-99; equal to a simple

multiple or submultiple of
another, 23; equal to the sum

or difference of two equal, 23;

To construct, a circle equal in

ares of a, 21, 140-43; and tice

versa, 21, 140-43; To con-
struct, having given the side,

21, 83, 55-62; To conmstruct a

X triangle or rhombus equal to a,

! 28. Enlargement of a, 176;

| Mensuration of s, 176 et seq.;

i Relation with the quadrilateral

; formed by joining the middle

points, 97; Size, maximum,
within a circle, 49; To trans-
form, into an 1isosceles trapezi-
um, 90-92; from an isosceles
triangle, 92-93; into a rectan-
gle, 23, 85 ; from a rectangle, 23;
into a rhombus, 93, from a
rhombus, 94, into a triangle, 92;
(See also Areas, combination
of, Circle, Construction, Postu-
lates, Pythagorean Theorem,
Rectangle and Rhombus.)

Srauta-satra, 1-2.

Sruti, source of Geometry in, 26-27.

Straight line, to draw at right
angles to another, 52-55; Equal

division of 2, 40-41. (S8ee Pos-
! tulates.)
| $alapani, 18.
| Sulba, Definition of, 7-8; Early

origin of matter in, 89; Postu-
lates of, 41 et seq.; -proof vs.
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Euclidian proof, 50; Technbical
terms of, 221-26. (See Sulba-
sutra.)
Sulba-dipika, 10.
Sulba-mimansa, 10
Sulba-Pradipa, 10.
Sulba Pradipikéa 10.
Sulba-sutra, of Apastamba, 3-4; of
Baudhayana, 2-3; Classification
> of, 6-7; Commentators of, (.v.:
Definition of, 1-7; Number of,
1, In; = evaluated according
to, 18; Problems of Geometry
in, 2, 2n: Study of, 12; Time
of, 6-7.

Sulba-satra-vivarana, 10.

Sulba-sutra-vrtti, 10.

Sulba-rarttika, 11.

Sulba-ryaékhya, 10.

Sundararaja, 10, 87 el seq.; Age
of, 17-18.

Suparna-citi, 34n.

Suparnae Garutman (or Suparna), 34.

Surds, 165 et seq.; Evaluation of
some, 205; Formula, approxi-
mate. 206-11 ; Hindu knowledge
of, 185 ; Hindu knowledge of the
irrationality of /2, 195-203;
Rationalisation of simple, 185;
Sulba name of, 188; Value of
/2, 188-80; Hindu origin of,
189-94 ; Value of V38, 194-95.

Syena, 34.

Syena-cit, 22-23. (See  Altar,
falcon-shaped ; Caturasra-Syena-
cit, Vakrapakga-Syena-cit).

Symmetry, Line of, 221.

Taittiriya Brahmana, 25.
Taittiriya Samhita, 25-26, 28-31.
Terminology, 212-13.

Terms, Technical, 221-26.
Theorem, Geometrical, 21-22, 24 ;
Pythagorean, 24, 104 et seq.

Thibaut, 86 ef seq., 108 ef seq.

Tiryanmani, 221,

Transformation, Geometrical, 23.

Trapezium, Area of, to find the,
22 ; Tsosceles, to construct an,
face, base and altitude given, 22,
31-32, 68-67; similar and equsal
to a third of another, 153 ; simi-
lar and double its area, 154;

INDEX

similar and n times its area, 154;
similar and equal to multiple or
sub-multiple of another, 22; simi-
lar to a given one and having a
given altitude, 163; Isosceles,
having an area of 324 sq. padas,
09-101 ; Measurement of, 95-96;
Isosceles, to transform a square
or rectangle into an, 90-92.

(See also Construction, Rectan-
gle and Square.)

Trayodasa, 212.

Triangle, area of s, is half the

square on the same base and
equal sltivude, 47 ; To construct
a, equal to a square, 92; Divi-
sion of a, into equal and similar
parts, 46; Isosceles, to bisect
an, 46-47; Measurement of, 95,
96. (See also Iostulates. Rec-
tangle, Right-angled Triangle,
Scalene triangle and Square.)

Tri-astama, 213.

Triguna, 212.

Tri-karani, 109, 188,

Trisatika, Age of, 11.

Trtiya-karani, 10Y, 188.

Ubhayatah praediga, 23,
Ubhayi, 45.

Uparaera, 34.

Uttara redi, 33, 34.

Vadhula, 2.
Vajasaneya Sumnhita, 28.
Valrapakga-Syena-cit, 38, 112 e

seq.
Vakrapal:8a-Vyastapuccha-Syena,

Vakrapakga-Vyastapucchd-Syena-
cit, 197n

Varahs, 2, 6.

Vedanya, Meaning of, 1.

Vedartha-dipika, 13.

Vedi, Configuration of, 221; Kn-
largement of, 158 ef seq. ; Line
of symmetry, 221; Relative
g;sim‘on, 30 ; Time of existence,

Vedic. Altars, 20 et seq.
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Vedic Sacrifices, 20 et seq. »
Venkatedvara Dikshita, 10.
Viiega, 196-202. (See also Abhyan-

tara-Viseda, Vahya-videsa and | , 18, 148-49,

Suavidega. 42,11, 12, 188-89, 202-3 (8ee also
Vignubhakti-Kalpalata-prakasa, 11. Surds.)
Volume, measurement of, 101-8. | 3, 194.95,
1/+8.19.
v'5, 208-6.
V24, 205-0.

Yujur-Veda, 28; Schools of, In. ' /61, 205.6.



ERRATA

Page 45, line 11, for tringle read triangle
, 67, , 16, for bo read do
. w s 17, for doidical read boidical
,, 08, , 10, ‘for abcd read abeD

,, 189, ,, 29, for account read accounts



SOME OF THE UNIYERSITY PUBLICATIONS
ON MATHEMATICS

*Matrices and Determinoids. Vol. I (Readership Lectures
delivered at the Caleutta University), by C. E. Cullis,
M.A, Ph.D., D.Se. Sup. Royal 8vo pp. 442, 1913.
English price 24s. nel.

Contents :—Chap. I—Introduction of Rectangular Matrices and
Determinoids.

II—Affects of the Klements and Derived Pro-
ducts of a Matrix or Determinoid.

TII—Sequences and the Affects of Derived
Sequences.

IV—Affects of Derived Matrices and Derived
Determinoids.

Y]

V—Expansions of a Determinoid.

VI—Properties of a Product formed by a Chain
of Matrix Facters.

VII—Deterniinoid of « Product formed by Obain
of Matrix Factors.

VIII—Matrices of Minor Determinoids.

IX— Raok of a Matrix and Connections between
the rows of a Matrix.

X—Matrix Equations of the First Degree.

XI—Solution of Any System of Linear Algebraic
Equations.

Prof. Cullis will earn the gratitude of mathematical students
for affording them the opportunity of obtaining a right perspactive
of an important brauch of pure mathematics, whose developments
8o far have appeared in scattered notes and memoirs not always easy
of access. HKxamples are abundant, and, while a large number of
them are llustrative, there is a good collection of suggestive exercises
indicating the directioffs in which further original work may be done.
—The Journal of Education.

The chief feature of this book is that it deals with rectangular
matrices and determinoids as distinguished from square matrices and

* The right of publication of this book is held by the Cambridge
University Press (Fetter Lane, London, E. C. 4, on belalf of the
Calcutta University and copies of the book may be had of the firm.

31
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determinants, the determinoid of & rectangular matrix being related
to it just as a determinant is related to a square matrix. The author
endeavours to set forth a complete theory of these two subjects, and
uses the first volume to give the most fundamental portions of the
theory. Two more volumes are promised, the second to give the
more advanced portions of the theory, and the third its applications.

. This is new ground and the author has done a splendid piece of
work and with the publishers deserves much credit.—Mathematical
Teacher (Syracuse, U. S. A

*Matrices and Determinoids, Vol. II. Sup. Royal 8vo
Pp- 573. 1918. English price 42s. net.

Contents :—Chap. XII—Compound Matrices.

m XIIT—Relations between the Elements and
Minor Departments of a Matrix.

' XIV—8ome Properties of Square Matrices.

” XV—Ranks of Matrix Products and Matrix
Factors.

" XVI—Equigradent Transformations of a Matrix
whose Elements are Constants.

" XVII—8ome Matrix Equations of the Second
Decree.

1 XVIIT—The Extravagances of Matrices and of
Spacelets in Homogoneous
Space.

" XIX—The Paratomy and Orthotomy of Two

Matrices and of Two Spacelets
of Homogeneous Space.

The outstanding feature of the work, which the author properly
emphasises, is the detailed discussion of rectangular. as distinguished
from square, matrices. For this reason alone the work ought to give
u great stimulus to the subject, and we hope that the publication of
the whole treatise will not be long delayed.. Until it 18 finished, it
will be difficult, if not impossible, to give a proper appreciation of it,
especially as the author introduces e0 many new symbols and tech-
nical terms. One thing, however, is certrin; we now have the
outlines of a calculus of matrics in which the operations of addition,
subtraction, and multiplication are definite. — Nature.

The present volume worthily maintains the traditions of the
Cambridge University Press, and is a most valuable addition to
the rapidly growing series of volumes for which the Readership at
the University of Calcutta is responsible.—Science Progress.

* The right of publication of this book is held by the Cambridge
University Press (Fetter Lane, London, E. C. 4) Jon behalf of the
Coalcutta University and copiss of the book may be Rad of the firm.
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*Matrices and Detérminoids, Vol. TIII, Part I. Royel
8vo pp. xx+682. 1926. English price £3 38s. net.
Indian price Rs. 45. ;

Contents :—Chap. XX—The Irresoluble and Irreducible
Factors of Rational Integral
Functions.

XXTI—Resultants and Eliminants of Ra-
tional Integral Functions and
Equations.

. XXII—8ymmetric Functions of the Ele-
ments of Similar Sequences.

XXI1I—The Potent Divisors of a Rational
Integral Functional Matrix.

- XXIV—Equipotent Transformations of Ra-
tional Integral Functional
Matrices.

XXV—Rational Integral Functions of a
Square Matrix.

XXVI—Equimutent Transformations of a
Square Matrix whose Elements
are Constants.

" XXVIT—Commutants.
XXVIIT—Commutants of Commutants.

"

XXIX—Invariant Transformands.

Appendices.

*Chapters on Algebra (being the First Three Chapters of
Matrices and Determinoids, Vol. III), by C. E. Cullis,
M.A, Ph.D., D.Sc. Bup. Royal 8vo pp. 191. 1920.
Rs. 11-4.

This Volume deals with rapionsl ixitqgrnl functions of several
scalar variables as also with functional matrices.

*Functions of Two Variables, by A. R. Forsyth, F.R.S.
Sup. Royal 8vo pp. 300. 1914. Rs. 114,

* The right of publication of this book ss held by the Cambridge
University Press (Fetter Lane, London, E. C. %) on dbehaif of the
Calcutta Univcrsity and copies of. the book may be had of the
firm.
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The author’s purpose is to desl with a selection of principles.
#nd generalities that belong to the initial stages of the theory of
functions of two complex variables. The consideration of re-
lations between independent variables and dependent variables
bas been made more complete with illustrations in this publica-
tton.

Analytical Geometry of Hyper-spaces, Part I (Premchand
Roychand Studentship thesis, 1914), by Surendra-
mohan Gangopadhyay, D.Sc. Demy 8vo pp. 93. 1918.
Re. 1-14.

Do., II. Demy 8vo pp. 121. 1922. Rs. 8-12.

It deals with certain interesting problems in n-dimensional
Geometry, the method adopted being one of deduction from first
principles. The second part contains certain interesting results in
the Geometry of Hyper-spaces, which is now recognised as an
indispensable part of the science with extensive applications in
mathematical Physics. In the treatment of subject-matter, the
easiest possible methods have been adopted, so that the discussions
can be followed by an orditary student of Mathematics without a
knowledge of Higher Mathematics.

Theory of Higher Plane Curves, Vol. I, by Surendra-
mohan Gangopadhyay, D.Sc. (Third Edition, thoroughly
revised and enlarged.) Demy 8vo pp. 396 --xxi. 1931,
Rs. 6-8.

The work is designed to meet the Syliabus prescribed by the
University for the Master's Degee and is intended us an introd uctory
course suitable for students of Higher Geometry. The present
volume which is a thoroughly revised and enlarged edition of the
earlier includes new materials together with recent researches which
will not only be of use to the students for the Master's course but
will also encourage independent thinking in students of higher
studies engaged in research work.

Theory of Higher Plane Curves, Vol. II, by Surendra-
mohan Gangopadhyay, D.8c. (Second Edition,
thoroughly reviscd and enlarged.) Demy. 8vo pp. 408,
1926. Rs. 4-8.

This volume deals with the application of the theory in studying
properties of cubic and quartic curves.
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This volume is an endeavouy {o give as complete an account of
the properties of cubic and quarlic curves as could be compressed
within the Iimits of a single volume of moderate size, confining the
discussion to the prominent characteristics of these curves. The
subject hus been presented in clear and concise form to stndepts
commencing a systematic study of the higher curves, indicating
references to original sources as far as practicable. Tt ig very useful
to students of higher plune curves.

Parametric Co-efficient (Griffith Memorial Prize, 1910),
by Prof. Syamadas Mukhopadhyay, M.A.. Ph.D.
Demy 8vo pp, 31. Rs. 3-0.

Collected Geometrical Papers, by Prof. Syamadus Mukho-
padhyay, M.A., Ph.D. Crown 4to pp. viii+158.
Rs. 4-0.

Part II. Crown 4iv pp. vi+137. Rs. 3-8,

Professor J. Hadamard Paris : ‘“ My interest in your new
methods m the geometry of a plane arc, which I had expressed in
1909 in an (anonymous) note in the revue generale des sciences, has
far from diminished since that time.

I'recisely at my seminaire or colloquum of the College de France,
wo hive reviewed such subjects and ull my auditors and colleagues
have beea keenly interested in your way of researches which we all

consider uw one of the most important roads open to Mathematical
Science.”

Professor F. Engel, Geissen: ** 1 am surprized over the beau-
tiful new calculations on the right-angled triangles and three-right-
angled quadrilaterals (in hyperbolic geometry)......Your analogies in
the Gaussian Pentagramma Mirificum are highly remarkable.”

Professor W. Blaschic, Hamburg : ** T am much obliged to you
for your kind sending of your beautiful geometrical work. When, us
i hope, s new edition of my Differential Geometry comes out. I shall
not forget to mention that you were the first to give the beautiful
theorems on the numbers of Cyclic and Sextactic points on ap oval.”

Prof. Bluschke has quoted 3. Mukhopadhyay in the third edition
(1930) of the first volume of his classical work on Differential
Geometry.

Projessor A. R. Forsyth, London : ** The first part of your Collec-
ted Geometrical Papers is an attractive record of fine mathematical
attainment : and I am glad to learn, not only of the manifest
advances you have made in our science, but also of the stimulus your
work has afforded to other investigators. I can offer you no better wish

and suggest no prouder aim than continual success in your Re-
searches.”’
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Prof. T. Hayashi, Japan : * Your Collected Geometrical Papers,
Part I, is very important to the progress of geometry and is to be
highly appreciated by geometricians in the world. We regret indeed
that most of your valuable papers have remained unknown till now.

But the collected papers should be welcome to raise your position
in geometrical research.”

Professor F. Cajori, California : ‘I congratulate you upon
your success in research. If ever I have the time and opportunity to
revise my History of Muthematics I shall have occusion to refer to
your interesting work."’

Professor P. Montel, Paris : ** Many thanks for sending me your
beautiful work ‘‘ Collected Geometrical Papers.”” 1 am acquainted
with many of the memoirs inserted therein and I am bappy in having
them in a handy united form. I am thus in a position to judge anew
of the simplicity and rigour of your methods which have led you to
elegant results.”’

Prof. L. Godeau, Liege: ** A first reading of your papers has
roused my keen interest. I intend muking sn exposition of these
questions early to my students of Geometrie Superieure, an exposi-
tion to which I reckon to join that of works of M. Juel."”

Prof. T. Levi.C'ivita, Rome : ‘‘ I have received the valuable,
very ingenious papers you have had the kindness to send me. I have
no special knowledge of the subjects you have treated in so deep and
interesting manner. But also a general reader of mathematical
papers is able to appreciate the results of your investigations and the
penetrating methods you bave employed.’

Yector Calculus (Griffith Mcmorial Prize, 1917), by Durga-
prasanna Bhattacharyya, M.A. Demy 8vo pp. 91.
Rs. 3-0.

An attempt has been successfully made in this book by the
author to place the foundation of vector-analysis on a busis indepen-
dent of any reference to Cartesian co-ordinates and to establish the
main theorems of that analysis directly from first principles us also
to develop the differential and integral calculus of vectors from a new
point of view.

Solutions of Differentiai Equations (Premchand Roychand
Studentship thesis, 1896), by Jnansaran Chakravarti,
M.A. Demy 8vo pp. 54. Rs. 3-12.

The subject of the book ie an enquiry into the nuature of solutions
of differential equations, chiefly with reference to their geometrical
interpretation, and the investigation of the connection that exists
between the complete primitive and singular solution.
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Reciprocal Polars of Conic Sections (Pre mchand Roychand
Studentship thesis, 1900),°by Krishnaprasad De, M.A.
Demy 8vo pp. 66. Rs. 3.

An Introduction to the Theory of Elliptic Functions and
Higher Transcendentals, by Ganesh Prasad, M.A.,
‘D.Sc., Hardinge Professor of Higher Mathematics,
Calcutta University. Royal 8vo pp. 110. 1928.
Rs. 8-12.

Theory of Fourier Series, by Ganesh Prasad, M.A., D.Se.
Royal 8vo pp. 152. 1928. Rs. 5-4.

From a letter to the Regsstrar from Professor Henri Lebesgue of the
Paris University, Member of the Institute of France (translated
into English) :

‘“‘Paris,

The 19th October, 1928.
Sir,

T have the honour to acknowledge the receipt of ‘ Six Lectures
on recent Researches in the Theory of Fourier Series,” by M. Prof.
Ganesh Prasads

T bave pleasure in finding in that work a simple and clear ex-
position of the actual state of udvance of certain of the most import-
apt problems concerning trigonometrical series. The documentation
is true and complete : it is only once that T have had occasion to
find anything in which the erudition of the author appesars to be in
default : M. Kolomogoroff, pursuing the studies inlicated on p. 58,
has obtained an example of a function of summable square of which
the Fourier Series diverges everywhere.

For justifying the enunciation which he gives, M. Ganesh
Prasad utilises the original demonostration of the first author: then
he gives a historical note, very interesting by the side of the old
demonostration. M. Prasad gives always, whenever possible, as
simple a proof as the question under consideration would allow.
Many of these proofs are due to M. Prasad himself, for example,
that which M. Prasad gives on pages 60-61 for a criterion for the
summability (C 1) which [ enunciated at another time.

M. Prasad presents his researches elegant and ioteresting, by
which he has carried further the classical work of du Bois-Reymond.™

From the review by Professor L. Bieberbach of the Berlin
University in the Jahresbericht der deutschen Mathematiker-Vereini-
gung (translated into English) : ** The work gives a comprehensive
account of the results on the convergence and summability of Fourier
Series, things about which the author bhas also earned merit."
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Six Lectures on the Mean Yalue Theorem of the Differen-
tial Caloulus, by Ganesh Prasad, M.A.. D.Sec.,
Hardinge Professor of Higher Methematics, Calcutta
University. Royal 8vo pp. 108+ viii. 1981. Rs. 3.

From a detter to the Registrar from Professor E.”"R. Hedrick of the
University of Californie, Los Angeles, and President of the
American Mathematical Society :

““October 28, 1931.
Dvar Srr, N

I am writing to thank you and to express my appreciation of
the book iteelf and of your kindness in sending it to me. The
scholarly work of Professor Prasad is known to mathematicians
throughout the world and T feel sure that the present volume will
add greatly to his reputation as an eminent mathematician.’

From o letter to the Registrar from Professor A. Pringsheim of the
University of Munich (translated into English) :

‘*'MUNICH.
10th December, 1931.

VERY HONOURED MRr. MUKHERJEE,

For the sending of the beautiful book of Prof. Prasad on the
mean-value theorem of the Differential Calculus, which has interest-
ed me vividly, I express to you my sincerest thanks."’

Khandakhadyakam, edited by Pandit Babua Misra,
Jyotishacharyya. Demy 8vo pp. 217. 1925. Rs. 2.

The book is an astronomical work by the great S8cholar
Brahmagupta. It contains the commnentary called Vasana-Bha-ys
by Amaraja. This is the only available work which describes one
of the two systems of astronomy as taught by Aryabhata I (born
475 A.D.), generally known as Ardhardtrika system and is different
from the Audayika System as taught in his Arya-bhatiyam. It
was widely read by Arab Scholurs and was known by the name of
Alarkand. Hence it is a very important work on the History of
Hindn Astronomy.












